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Abstract

Egocentric-Network Randomized Trials (ENRTS) are increasingly used to estimate
causal effects under interference when measuring complete sociocentric network data
is infeasible. ENRT's rely on egocentric network sampling, where a set of egos is first
sampled, and each ego recruits a subset of its neighbors as alters. Treatments are then
randomized across egos. While the observed ego-networks are disjoint by design, the
underlying population network may contain edges connecting them, leading to con-
tamination. Under a design-based framework, we show that the Horvitz-Thompson
estimators of direct and indirect effects are biased whenever contamination is present.
To address this, we derive bias-corrected estimators and propose a novel sensitivity anal-
ysis framework based on sensitivity parameters representing the probability or expected
number of missing edges. This framework is implemented via both grid sensitivity anal-
ysis and probabilistic bias analysis, providing researchers with a flexible tool to assess
the robustness of the causal estimators to contamination. We apply our methodology
to the HIV Prevention Trials Network 037 study, finding that ignoring contamination
may lead to underestimation of indirect effects and overestimation of direct effects.

Keywords: Causal inference; Network experiments; Network sampling; Probabilistic bias
analysis; Spillovers.

1 Introduction

In causal inference and design of experiments, it is commonly assumed that there is no
interference between units, that is, the treatment assigned to one unit does not affect the
outcomes of other units (Cox, 1958). However, researchers are often interested in settings
where the treatment of interest can spill over from treated units to untreated ones, leading
to interference between units. For example, in infectious disease epidemiology, vaccinating
some individuals may protect unvaccinated individuals (Halloran and Struchiner, 1991).
To estimate causal effects under interference, researchers often rely on detailed informa-
tion about the network structure that encodes the relationships between units. Such data
is typically assumed to be on a complete sociocentric network, where all units in the net-
work and their connections are observed (Hudgens and Halloran, 2008; Aronow and Samii,
2017; Forastiere et al., 2021; Tchetgen Tchetgen et al., 2020; Ogburn et al., 2024). This

*barwein@tauex.tau.ac.il, danielnevoQtauex.tau.ac.il.


https://arxiv.org/abs/2602.05553v2

finite population can be composed of a collection of disjoint clusters or a single connected
network. However, collecting complete sociocentric network data is often logistically chal-
lenging and expensive, limiting the application of network-based causal inference methods
or resorting to sub-networks sampled from the population network.

A common sampling design is egocentric network sampling (Marsden, 2002; Perry et al.,
2018), where a set of egos (also known as indexes) are sampled from the population, and
each ego recruits a subset of its neighbors in the population network as alters (non-indexes).
The observed network is then assumed to be composed of disjoint ego-networks comprising
each ego and its recruited alters. This design is attractive due to its logistical feasibility
and accessibility. Such egocentric sampling can be combined with randomized experiments,
where treatments are randomly assigned to the recruited egos, resulting in an egocentric-
network randomized trial (ENRT) (Buchanan et al., 2018, 2024; Chao et al., 2025; Fang
et al., 2025). ENRTSs are increasingly used in various studies, such as HIV prevention
(Latkin et al., 2009, 2013; Booth et al., 2016; Miller et al., 2018), substance addiction
(Sherman et al., 2009), and mental health (Asmus et al., 2017; Desrosiers et al., 2020).

However, while most methods assume that the ego-networks are disjoint, alters may
be connected to multiple egos in the population network, and egos may be connected to
other egos, resulting in contamination between ego-networks. Thus, the egocentric sampling
process may lead to missing edges in the observed network, resulting in misspecification
of the network interference structure (Weinstein and Nevo, 2026). Previous analyses of
ENRTs typically assumed that the ego-networks are mon-overlapping in the population
network (Buchanan et al., 2018, 2024; Chao et al., 2025; Fang et al., 2025). That is,
alters are connected only to one ego, and egos are not connected to other egos. Such an
assumption may not hold in practice and be difficult to verify with the observed data alone,
absent additional validation studies or reference data.

In this paper, we relax the non-overlapping networks assumption and allow for the
possibility of overlapping ego-networks. Under a design-based inference paradigm, where
the only source of randomness is the treatment assignment, we show that the Horvitz-
Thompson (HT) estimators of the indirect and direct effects based on the observed ENRT
data are biased whenever there is contamination between ego-networks. We develop a
sensitivity analysis framework to assess the impact of such contamination on the causal
estimates, and we couple it with bias-corrected estimators of the indirect and direct effects.

These bias-corrected estimators rely on sensitivity parameters that encode the probabil-
ity or expected number of missing alter—ego and ego—ego edges in the population network.
Crucially, because we treat the underlying population network as fixed but partially unob-
served, these edge probabilities do not imply a stochastic superpopulation model of network
generation. Rather, they quantify the researcher’s epistemic uncertainty regarding latent
parts of the interference network. For the direct effect on egos, the framework requires
an additional sensitivity parameter capturing the ratio of the sample average direct effect
among egos exposed to at least one treated neighbor to that of unexposed egos. We provide
practical guidelines for specifying these parameters under various scenarios using covariates
and prior knowledge. Furthermore, while our framework is designed to evaluate robustness
across various contamination scenarios, we also demonstrate how these sensitivity param-
eters can be directly calibrated using internal validation data, such as recall surveys in
follow-up. This approach reduces the reliance on pure sensitivity analysis and can guide
data collection strategies in future trials.

To improve asymptotic precision without compromising design-based validity, we aug-
ment these bias-corrected estimators with working outcome regression models. We further
develop a conditional two-fold cross-fitting procedure tailored to the ENRT design. The



overall framework is implemented using either grid sensitivity analysis (Rosenbaum and Ru-
bin, 1983; Greenland, 1996) or a probabilistic bias analysis (Greenland, 2005; Lash et al.,
2014; Fox et al., 2021).

The HPTN 037 study (Latkin et al., 2009) serves as a primary motivating example for
our work. HPTN 037 was an ENRT that aimed to evaluate the efficacy of a peer education
intervention to reduce HIV risk behaviors among people who inject drugs. In the trial,
treated egos received training on the prevention of risky behaviors and were encouraged
to share this information with their alters. While previous analyses of this study (Latkin
et al., 2009; Buchanan et al., 2018; Aroke et al., 2023; Chao et al., 2025) assumed that ego-
networks are disjoint, contamination remains a significant concern. Specifically, alters might
inject drugs or have sexual relations with egos from other ego-networks, or egos might be
connected to each other. In this paper, we relax the assumption of disjoint ego-networks and
assess the robustness of the causal estimates to contamination between the ego-networks.
Our analysis suggests that ignoring contamination may lead to underestimation of the
indirect effect and overestimation of the direct effect.

Our work relates to several strands of literature. First, it contributes to the growing lit-
erature on causal inference under interference where the true network structure is latent and
only proxies are observed by the researchers (Toulis and Kao, 2013; Li et al., 2021; Hardy
et al., 2019; Boucher and Houndetoungan, 2022; Weinstein and Nevo, 2025). Second, it adds
to the literature on interference with sampled network data which has primarily focused
on random node sampling or snowball sampling designs under linear-in-means parametric
models (Chandrasekhar and Lewis, 2011; Sewell, 2017; Yauck, 2022; Marray, 2024). Third,
it contributes to the literature on sensitivity analysis under interference, which has focused
on unmeasured confounding (VanderWeele et al., 2014), or on settings where interference
depends on two networks, but only one of which is observed (Egami, 2020). Finally, it
relates to the literature on cross-cluster contamination in cluster-randomized trials, which
often recommend changing the clusters boundaries to reduce contamination (Hayes and
Moulton, 2017), or more recently, develop data-driven methods for clusters construction
(Leung, 2025).

The rest of the paper is organized as follows. In Section 2, we introduce the setup of
ENRTS, define the causal estimands of interest, and show that the commonly used HT
estimators based on the observed data are biased under contamination. In Section 3, we
develop a sensitivity analysis framework for contamination between ego-networks, providing
bias-corrected estimators of the indirect and direct effects. In Section 4, we illustrate the
proposed framework via simulations. In Section 5, we re-analyze the HPTN 037 study,
assessing the robustness of the causal estimates to possible contamination. Finally, we
conclude with a discussion in Section 6. All proofs are provided in the Appendix. The
R package ENRTsensitivity that implements the proposed sensitivity analysis method is
available at https://github.com/barwein/ENRTsensitivity.

2 Egocentric-network randomized trials

2.1 Setup and recruitment process

Let G = (V, E) denote the population network, where V- = {1,..., N} is the set of units,
and FE is the set of edges, assumed to be binary. The size of the population N is assumed
to be finite but unknown. The population network G can be described by its adjacency
matrix A, where A;; = 1ifedge (i,j) € E, and 0 otherwise. We assume that the population
network is undirected and that there are no self-edges, that is, A;; = A;; and A;; = 0 for
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all 4.

Units are recruited to the study via an egocentric sampling design. The sampling process
consists of two stages. In the first stage, a set of egos (indexes) are sampled from the
population. Then, in the second stage, each ego recruits a subset of its neighbors in the
population network as alters (non-indexes). Formally, the recruitment process is as follows:

1. Sample egos from the population. Denote the set of recruited egos by R. C V', and
ne = |R¢| as the number of egos. We do not impose any restrictions on the sampling
process of egos.

2. Each ego recruits alters from its neighbors in the population network that were not
recruited as egos in the first stage. We assume that each alter is recruited by a single
ego, resulting in n. disjoint ego-networks. This is often enforced in the recruitment
process by researchers to avoid overlaps between the observed ego-networks, e.g., as
was the case in the HPTN 037 study (Latkin et al., 2009). Denote the set of recruited
alters by R, C V' \ R, and let n, = |R,| be their number.

The set of all recruited units is R = Re U R, yielding an egocentric sample of size n =
ne+ng. We assume that this sample is a strict subset of the population, i.e., n < N. The ob-
served network G = (R, E) is a subgraph of the population network G' composed of n. dis-
joint ego-networks. The set of observed edges is E = {(i,j) € E :i € Re,j € Ry, e(j) = i},
where e(j) € Re is the ego that recruited alter j € R,. Clearly, E C E. Let A be the
adjacency matrix of the observed network G.

Figure 1 illustrates the egocentric sampling process in a small hypothetical population.
Although the sampled egos are connected and some alters are connected to multiple egos in
the population network, each ego reports only a subset of its true neighborhood, yielding
an observed network made up of disjoint ego-networks.

(A) Population network (B) Sampled ego-network

® Ego Alter Non-recruited
—— Observed edges  ---- Latent ego edges - Other latent edges

Figure 1: Illustration of egocentric sampling. Panel (A) shows the full N = 7 population
network G. Panel (B) illustrates a single egocentric sample G: each ego (nodes 1 and 2;
ne = 2) reports only a subset of its true neighborhood as alters (nodes 3, 4, and 6; n, =
3). The observed network is composed of disjoint ego—networks (solid lines), while ego—ego
and unreported ego—alter connections remain latent (dashed lines). All other edges are also
unobserved (dotted lines).

2.2 Experimental design, potential outcomes, and causal estimands

In what follows, all assumptions, estimands, and estimators are conditioned on the recruited
sample. Specifically, we consider in-sample causal effects only. Let Z be the binary treat-



ment assignment vector, where Z; = 1 if unit 7 is treated, and Z; = 0 otherwise. We assume
that treatments are randomly assigned to the recruited egos via Bernoulli randomization.

Assumption 1 (Bernoulli experimental design). Treatments are independently assigned
only to recruited egos, Pr(Z; = 1| R) = p,I{i € Re} with a known probability p, € (0,1).

Denote the treatment space given the sample as Zr = {z c{0,1}V:Pr(Z=2|R)> 0},
where treatments of non-recruited units are assumed to be equal to zero with probability
one. To avoid clutter, the conditioning on R includes the specification of egos and alters
sets as well. Furthermore, the distribution of Z always refers to the conditional distribution
of Z given the recruitment R.

Let Y;(z) be the potential outcomes of each unit under treatment vector z € Zg. We
take a design-based approach, where the potential outcomes are assumed to be fixed, and
the only source of randomness is the treatment assignment. Let Z_; denote the treatment
assignment of all units except unit . We assume that Z_; affects the potential outcomes
of unit 4 only through the values of the following exposure mapping (Manski, 2013; Aronow
and Samii, 2017).

Assumption 2 (Exposure mapping). Let F(Z_;, A) = ]I{Zj# ZjAi; > O}. For any
z,2 € Zg, if zi =z, and F(z_;, A) = F(2'_;, A), then Y;(z) = Y;(2').

Denote the exposures in the true population network by F; = F(Z_;, A). The exposure F;
indicates whether at least one of the neighbors of unit 7 is treated. Assumption 2 implies
that the exposure mapping is correctly specified (Savje, 2024), and that only treatments of
neighbors affect the potential outcomes of unit ¢. Binary exposure mapping specifications
are common in the ENRT literature (Buchanan et al., 2018; Chao et al., 2025; Fang et al.,
2025). For clarity, we present the main results under this binary specification, but extend
our framework to a three-level exposure mapping specification distinguishing between zero,
one, or two-or-more treated neighbors in Appendix B. By Assumption 2, we can express
the potential outcomes as Y;(Z) = Y;(Z;, F;). Consequently, each unit has four effective
potential outcomes, Y;(z, f) for z, f € {0,1}?, indicating whether unit i is treated and
whether at least one of its neighbors is treated. We assume that the observed outcomes
Y;, i € R are generated from one of the potential outcomes.

Assumption 3 (Consistency). For all i € R, the observed outcome is given by

Yi= Y Yz {Zi=zF=f}.

z,fe{0,1}2

In addition, we will also consider cases where covariates X ; are observed for each recruited
unit. We will clarify their role later on.

We consider two types of causal estimands, separate for egos and alters. The first is the
sample average indirect effect of treatment on the alters,

1
IE = — Y;(0,1) — Y;(0,0)]. 1
o 2 0. = ¥(0.0) (1)
The IFE is the average effect on alters of being exposed to at least one treated neighbor
compared to not being exposed. In Appendix A.9, we also consider the indirect effect on
the relative risk scale, for binary outcomes. The second estimand is the sample average
direct effect of treatment on the egos,

DE == 3 [¥i(1,0) - ¥i(0,0)]. (2)

n
€ ieRe



The DE is the average effect on egos of being treated compared to not being treated when
not exposed to any treated neighbors. Our explicit separation of causal estimands for
egos and alters resolves interpretation issues of other estimands (Crawford et al., 2019).
Furthermore, by not conflating the two groups, we avoid imposing additional assumptions
and structure, as the recruitment process described in Section 2.1 may induce different
selection mechanisms for egos and alters, leading to distinct potential outcome means across
the two groups.

2.3 Naive estimation and bias under contamination

The observed data consist of the treatment assignments Z, the outcomes Y;, the observed
network A, and possibly covariates X; of the recruited units ¢ € R. By Assumption 3, the
observed outcomes Y; are generated from the potential outcomes with exposures F; created
by the population network A. However, the observed network A might not include all the
relevant edges present in the population network A due to the egocentric sampling process,
resulting in a misspecified network interference structure (Weinstein and Nevo, 2026). Let
F, = F(Z_;, A), be the observed exposures. Due to this network misspecification, the
observed exposures F; may differ from the true exposures F;. Specifically, under Assump-
tion 2, only missing ego—ego and alter—ego edges induced by the sampling process can lead
to incorrect observed exposures.

Consider, for example, the context of Figure 1. If only ego 1 is treated, for alter 6 we
observe exposure Fg = 0 since its ego in the observed network (node 2) is not treated.
However, its true exposure is Fg = 1 due to its link to ego 1 in the population network.
Similarly, under the same treatment assignment, we will observe for ego 2 exposure F5 = 0
while F5 =1 in the population network since ego 2 is connected to ego 1.

Due to the ENRT design, the observed exposures of egos are F; = 0 for all ¢ € R, while
the observed exposures of alters can be either zero or one, depending on their observed
ego’s treatment status. Specifically, by Assumption 1, alters are exposed to a treated ego
in the observed network with probability Pr(F; =1 |i € R,) = p..

In practice, researchers estimate causal effects only with the observed exposures. The
most common estimator in design-based inference settings is the Horvitz-Thompson (HT)
estimator. For the indirect effect (1), its form is

—~ 1
IE:n—Z

a 1€ERq

{F; =1}Y; I{F =0}y
Dz 1—p.

; (3)

and for the direct effect (2),

75 L Kz =1y, HZz = O}YZ}
DE=— _ ,
Z |: Y2 1—p.

(4)
e jeR.

If some alter—ego or ego—ego edges are missing in the observed network ;1, both estimators
(3) and (4) might be biased.

Proposition 1. Under ENRT design and Assumptions 1-3,

Ey [FE} _e+ L pl;ﬂa [¥;(0,1) — Y;(0,0)],
Ng i€Ra — Pz
£z [DE| = DE+ - 37 2 (IY(1,1) = ¥i(0,1)] - [%i(1,0) ~ ¥i(0,0)]}
€ iER.



where 7 = Pr(F; =1|1i € R,) and nf = Pr(F; =1 |i € Re) are the probabilities that an
alter and an ego, respectively, are exposed to at least one treated neighbor in the population
network A.

When all alters are connected only to their own ego, then 7" = p, for all i € R,, and IE is
an unbiased estimator of I E. Otherwise, whenever some alters are connected to more than
one ego in the population network, 7 > p,, and the indirect effect estimator (3) based on
the observed exposures can be biased. The magnitude of the bias depends on the number
of egos each alter is connected to in the population network. That is, the more egos an alter
is connected to, the larger the gap between 7 and p., and hence the larger the bias. In
addition, we show in Appendix A.5 that under unit-level monotonicity (in either direction)
of the potential outcomes Y;(0,1) and Y;(0,0), the naive indirect estimator IE is biased
towards the null of no indirect effect.

If an ego is not connected to any other egos in the population network, then 7§ = 0. If
this is the case for all ¢ € R, then DE is an unbiased estimator of (2). However, if at least
one ego ¢ is connected to at least one other ego in the population network, then mf > 0,
and the direct effect estimator DE based on the observed data can be biased. Similarly to
alters, the magnitude of the bias depends on the number of ego—ego edges in the population
network. Furthermore, in Appendix A.6, we analyze the direction of the bias of DE relative
to the null of no direct effect. We demonstrate that the direction of the bias is governed
by the ratio of the sample average direct effect among egos exposed to at least one treated
neighbor to the effect among non-exposed egos. Generally, if the direct effects are larger,
on average, in the presence of treated neighbors than in their absence, DE is biased away
from the null. Conversely, if the direct effects are smaller, on average, in the presence of
treated neighbors, the estimator is biased towards the null.

3 Sensitivity analysis for contamination

Proposition 1 shows that the HT estimators based on the observed data are biased whenever
there is contamination between the ego-networks. We refer to contamination as the presence
of alter-ego and ego-ego edges in the population network A, that are missing from the
observed network A due to the egocentric sampling process. Under such contamination,
the ego-networks are not disjoint in the population network, leading to incorrect exposures
when computed using the observed network.

By the structure of the egocentric sampling and the exposure mapping specification
(Assumption 2),~ alters with observed exposure F; = 1 will have correctly classified expo-
sures. That is, F; = 1 implies F; = 1 with probability one for i € R,. However, alters with
F; = 0 can have a true exposure of F; = 1 or F; = 0, depending on the structure of the
population network A. Therefore, the observed outcomes Y; for alters with £; = 0 can be
generated from either Y;(0,1) or Y;(0,0). N

On the other hand, all egos have observed exposures of F; = 0, as they are linked only
to alters in their ego-network in the observed network A. However, the observed outcomes
of egos that are assigned to treatment Z; = z can be generated from Y;(z,1) or Y;(z,0),
implying that observed outcomes of egos are possibly linked to four different potential
outcomes, compared to only two among the alters.

We develop a sensitivity analysis framework that enables researchers to assess the impact
of possible contamination between ego-networks on the causal estimates. In Sections 3.1
and 3.2, we provide bias-corrected estimators of the indirect and direct effects that account
for possible exposure misspecification due to the egocentric-network recruitment process.



Furthermore, in Section 3.3, we show how to augment these estimators with an outcome
model through a cross-fitting procedure tailored to the design-based framework taken in this
paper, enabling researchers to integrate covariates into the analysis to improve efficiency.
Such model-assisted estimation is common in survey sampling (Sarndal et al., 2003) and
causal inference (Ding, 2024).

Building on Proposition 1, the bias-corrected indirect and direct effect estimators are
functions of the exposure probabilities under the true population network w{ and 7, re-
spectively. The structure of the egocentric sampling design and our setup enables us to
decompose 7 and 7{ into basic components that are straightforward to compute given
the specification of the presumed expected number or the probability of missing alter—ego
and ego—ego edges. These components will form the basis of our sensitivity parameters,
enabling seamless integration of covariates and prior knowledge into the sensitivity analy-
sis. Crucially, we maintain the design-based framework throughout, treating the underlying
population network A as fixed but partially unobserved. Therefore, probability statements
regarding latent edges do not reflect a stochastic superpopulation model or assumptions
about a data-generating process. Rather, they quantify the researcher’s epistemic uncer-
tainty regarding the fixed, unobserved edges in the interference network. We provide mul-
tiple examples and practical guidelines on how to specify these parameters in Section 3.4.

For the direct effect, we require an additional sensitivity parameter to account for
the complexity resulting from possibly four potential outcomes generating the observed
outcomes. This parameter is the ratio of the sample average direct effect among egos
exposed to at least one treated neighbor to the effect among non-exposed egos, as described
in Section 3.2.

While the primary focus of this paper is to assess the robustness of the estimates over
plausible contamination scenarios, researchers can sometimes calibrate the sensitivity pa-
rameters from auxiliary information. In Section 3.6, we demonstrate how different types of
internal validation data, such as recall surveys at follow-up, can be leveraged to estimate
these parameters. This approach reduces the reliance on pure sensitivity analysis and can
motivate data collection and design choices in future studies.

3.1 Indirect effect

Define the bias-corrected indirect effect estimator as a function of the observed data and

a
7T,L',

— 1 1— HE =1y, I{FE =0,
oy =+ 3 Lope (IE=1Y A =0 )

5
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@ iER,

Given 7¢, (5) is an unbiased estimator of the indirect effect (1).

Proposition 2. Under ENRT design and Assumptions 1-3, we have Ez [fEadj] =1F.

By the ENRT design and Assumption 2, 78 > p,, with equality if and only if there are
no additional latent alter—ego edges for alter i. Consequently, if all alters have the same
exposure probability, 7 = 7%, then I:Eadj = i:ﬁi[fl\?. Therefore, sign(I/Eadj) = sign([fl\?),
and fl\?adj > IE if IE > 0 and vice versa otherwise.

We derive variance estimators for the bias-corrected estimator I/Eadj. By the ENRT
design, alters in the same ego-network all have the same treatment assignments and observed

exposure status. Thus, we can calculate the variance by using the aggregated outcomes in

—p. [{E=1}Y; I{F=0}Y; e
each ego-network. Let r{ = }_ﬁz [ { - Wi {1_1?} such that [Eqg = =Y. 5 19,
i z z a a




The design-based variance estimator is (Ding, 2024)

~ 1 _ 9
Vz (TEay) = 2 (=T (6)
ZERG
where T; = ZjG’Ra:e(j)zi ry and T = n% ier. Li is the average over ego-networks. In

Appendix A.7, we derive the variance estimator and establish the asymptotic normality
of the bias-corrected estimator IE 4, ensuring that Wald-type confidence intervals using

the variance estimator X/}Z <I/Eadj> achieve a valid, albeit conservative, asymptotic coverage
rate.

3.2 Direct effect

As the observed outcomes of egos are possibly generated from four different potential
outcomes, compared to only two for the alters, bias correction for the direct effect esti-
mator requires specifying the relation between the direct effect among non-exposed egos
(F; = 0) and the effect among egos exposed to at least one treated neighbor (F; = 1).
Denote the direct effect of treatment on an ego i € R, with exposure value f € {0,1} by
Ai(f) = Yi(1, f) = Yi(0, f). Let A(f) = n% ier. Ai(f) denote the sample average effect
for f € {0,1}. That is, with a slight abuse of notations, A(0) = DE as defined in (2).
Let s be the ratio of the sample average direct effect among egos exposed to at least one
treated neighbor A(1) to the effect among non-exposed egos A(0):

A1) = kA(0). (7)

Under the design-based framework taken in the paper, where the potential outcomes are
fixed, there is always a constant « satisfying (7). The parameter x will serve as an additional
sensitivity analysis parameter. We discuss the interpretation of x below.

Let ¢ = n% Ziene m{ be the sample average probability of exposure among the egos.
We define an inflation factor u. = ne [1 + 7¢(k — 1)] that adjusts the effective sample size
of egos based on the expected contamination and x. Using this factor, we define the bias-
corrected direct effect estimator as a function of the observed data, 7 and x,

L pE-L1Y [H{Zizl}Yi_H{Zi:O}Yi |

1+7¢(k—1) e Dz 1—p.

E\Eadj = (8)

€ ieRe

An additional assumption is needed for l/)Eadj to be unbiased, as we now formalize. For
two vectors @, b € R™, let the empirical covariance be Sqp = L 3" (a; —@)(b; — b), where
a = % >, a;. To eliminate bias, we require that the empirical covariance between exposure
probabilities 7§ and the direct effect among exposed egos A;(1) is equal to the empirical
covariance between 7{ and the direct effect among non-exposed egos A;(0). Let w¢ =
(75, ...,m¢.) and Ai(f) = (A1(f),...,An.(f)) be the vectors of exposure probabilities
and direct effects at the unit-level of the egos.

Assumption 4. Sre A1) = Sre A(0)-

To provide a better understanding of the implications of Assumption 4, consider the rep-
resentation of the potential outcomes under a saturated model

Yi(z, f) = Boi + Briz + Baf + Bz f.



Under this representation, A;(1) = B1; + B3, Ai(0) = B4, and simple calculations show
that Assumption 4 is equivalent to

Sre gy = - S —7) (B — Bs) = 0. ©)

€ ieRe

That is, the empirical covariance between the exposure probabilities 7§ and the treatment-
exposure interaction terms fs; is zero. Eq. (9) naturally holds if these interaction effects
are homogeneous across all egos (i.e., f3; = (3 for some constant f3) or if the exposure
probabilities are homogeneous (i.e., 7§ = 7° for some constant 7 € [0,1]). In practice,
this assumption would only be violated if egos that are highly connected to other egos
systematically exhibit different interaction responses to the intervention compared to less
connected egos.
Given 7¢ and &, (8) is an unbiased estimator of the direct effect (2).

Proposition 3. Under ENRT design and Assumptions 1—4, we have Ez [I/)E’adj} =DFE.

As described above, under homogeneous exposure probabilities, the empirical covariance
requirement stated in Assumption 4 is trivially satisfied.

Corollary 1. If exposure probabilities are homogeneous (m§ = ¢ for all i € R.), then
Ez |DEuy| = DE.

Reasoning about the range of plausible x values depends on the mechanism under study.
For example, in vaccine efficacy studies, if treatment represents vaccines, it is reasonable
to assume that the direct effect of vaccination is larger, on average, among egos with non-
vaccinated neighbors compared to those with vaccinated neighbors (who benefit from some
indirect protection), implying x < 1. On the other hand, in the HPTN 037 study, which we
analyze in Section 5, the treatment is a behavioral intervention reliant on peer education.
In such settings, researchers may believe the intervention to be mutually reinforcing. That
is, the direct effect may be larger, on average, for egos who are also exposed to at least
one treated ego compared to those who are not, which implies £ > 1. While researchers
must often reason about ranges for xk based on subject-matter expertise, it is also possible
to estimate x directly if appropriate internal validation data are collected, as we detail in
Section 3.6.

If ¢ = 0 or k = 1, the bias-corrected estimator l/)Eadj reduces to the naive HT estimator
DE. Thus, DE is unbiased if, for example, K = 1 and the probabilities 7{ are homogeneous.
That is, DE can be an unbiased estimator of DE even if there is some contamination
between the egos (7€ > 0). See Appendix A.4 for more details.

Furthermore, if K > 1 — % (e.g., for 7@ = 0.01 this implies k > —99), sign(ﬁadj) =
sign (E\E), i.e., the bias-corrected estimator will have the same sign as the naive estimator.
In addition, if K > 1 or k € (1 — &,
further away from, respectively, zero than the naive estimator DE. See Appendix A.6 for
further details.

The requirement of Assumption 4 in Proposition 3 can be replaced with alternative
formulations. We derive nonparametric bounds for DE based on the observed data, 7§ and
k, enabling researchers to obtain valid intervals for DE without Assumption 4. Further-
more, we show that replacing the average-level proportionality between A(1) and A(0), as
expressed in (7), with a unit-level proportionality assumption between A;(1) and A;(0),

1), the bias-corrected estimator EJ\Eadj is closer to or
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produces a modified bias-corrected estimator that is an unbiased estimator of DE without
Assumption 4. See Appendix A.10 for more details.

Our simulation study (Section 4 and Appendix D) assessed the impacts of violating
Assumption 4 and misspecifying the sensitivity parameter x. We found that violations of
Assumption 4 resulted in negligible bias for the corrected direct effect estimators, albeit
with slight variance underestimation. The impact of misspecifying «, however, depends on
its direction. If  is misspecified in the wrong direction (e.g., specifying x < 1 when the true
k > 1), the bias-corrected estimator can exhibit greater bias and lower coverage than the
naive estimator. Conversely, when x is misspecified in magnitude but correctly oriented
in direction, the bias-corrected estimator outperforms the naive estimator, maintaining
smaller bias and higher coverage. -

We derive a conservative variance estimator for the bias-corrected estimator DF,g4;. Let

ro = HZ=11Ys H{Zli_:ﬁ}yi such that l/)Eadj = uie > icr, Ti- By the ENRT design, treatment

3 Dz z 7
assignment is independent across egos. The Neyman-type variance estimator is therefore

(Ding, 2024), )
VNeyman (DEadj) = ’Ltlg Z (Tie - DEadj) .
1€Re
This estimator assumes that the terms r{ are independent. However, in the presence of
contamination, this independence assumption is violated. If two egos i and j share a
neighbor k € R in the population network A, then the terms rf and r; are not inde-
pendent. This dependence induces pairwise covariances (Covz(r{,r§)) that are omitted

from Vineyman (DEadj). To ensure valid inference, we propose a conservative estima-

tor f/COnm, <l/)E’adj) for the variance in ﬁadj attributed to contamination between ego-

networks, derived using the edge probabilities under the sensitivity model (presented in
Section 3.4) to account for these latent correlations. The final corrected variance estimator
for DEy4; is given by

‘/}Z (Z/)Eadj) = ‘/}Neyman (l/)Eadj) + ‘//\YC(mta. (l/)Ead]) . (10)

In Appendix A.7 we provide the derivation of the variance estimator Vz (l/)Eadj) and,
analogously to Section 3.1, show the asymptotic normality of l/?E'adj and that Wald-type

confidence intervals using the variance estimator Vz (DEadj> achieve a valid, albeit con-
servative, asymptotic coverage rate.

3.3 Outcome-model augmented estimators

The bias-corrected estimators fEadj and E\Eadj can be improved by incorporating outcome
regression models that leverage information from the covariates X ;. Crucially, the incor-
poration of these models does not constitute a departure from our design-based paradigm.
The regression models serve strictly as working models used to improve asymptotic pre-
cision, and the theoretical validity of the resulting augmented estimators relies solely on
the randomization of the treatment assignment (Lin, 2013; Abadie et al., 2020; Gao and
Ding, 2025). As we demonstrate in our simulation study (Section 4), this augmentation
yields valid variance estimates, overcoming the conservative variance estimation of the non-
augmented estimators, while maintaining negligible bias.

To fully preserve this design-based validity, standard regression adjustments require
careful implementation. While sample splitting (i.e., cross-fitting) is the standard solution
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to avoid finite-sample bias, standard splitting schemes can violate the design-based inde-
pendence assumptions (Lu et al., 2025). To address this, we employ a conditional two-fold
cross-fitting procedure tailored to the ENRT design. Specifically, we adapt Algorithm 1 of
Lu et al. (2025) to our setting. We describe here the algorithm for completeness, but refer
readers to Lu et al. (2025) for additional details. We focus on the augmented bias-corrected
estimators, but the naive estimators IE and DE can also be augmented similarly, albeit
without the bias-correction weighting.

Let u¢(f) denote the predicted value for alter ¢ under exposure F = f, from an outcome
model estimated using covariates X ;. For example, i (f) can be the predicted value from
a linear model of the form Y; ~ F; + X;. Similarly, let 15 (z) be the predicted value for
ego ¢ under treatment Z; = z, from an outcome model estimated using covariates X ;. The
two-fold cross-fitting algorithm is as follows.

1. Randomly split the observed ego-networks into two disjoint parts Sp, S1 such that
|So U S1| = n and Sy NSy = 0. Specifically, we assign each ego-network (ego and
alters) into S with probability 0.5.

2. For ¢ =0, 1:

(a) Estimate the outcome models for alters and egos using data from the comple-
mentary split S1_g.
(b) Predict u¢(f) and fi§(z) on the units from Sy.

(c) Estimate IE on units from Sg:

—=aug 1 1 — Pz a —~a ~a
IEad][q] = T Z 9 [Dz + Ky (1) — My (O)] ’

aldl jer,ns, i
where n,g = > ;cr. I{i € Sy} is the number of alters in split Sy, and where

{F, =1} (Y; — g(1)  I{F; = 0} (Y; — Aa2(0))
Dz 1—-p, '

Do —

7

(d) Estimate DE on units from Sy:

——aug 1 N N
DEadj[q] = Z [Dze + :uze(l) - Mze(o)] ’
Yeld] jer.ns,
where uc[g = ngg[l + 74k — 1)] similarly to u, in Section 3.2, with Nefg =
Sier, I{i € S;} and 7eldl = %[] > icr.ns, ™ are the number of egos and the
e elq e

average exposure probability, respectively, in split S,;, and

[Zi =1} (Y; — (1)) {Zi = 0} (¥i — i (0))

D.e p—
Dz 1-p.

(2

3. Combine the estimates across splits

=—=aug —=aug
IE .45 = Z ;[q} IE gjlg):
q=0,1 @

——aug U lq] = xaug
DEoy = Y~ DEolg)-
q=0,1 €
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Variance estimation is a combination across splits of variance estimators (6) for the IE
estimator and (10) for the DE estimator (Lu et al., 2025). In Appendix A.8, we show
that the augmented estimators I{E'ZZ;] and Z/DEZZJ remain unbiased estimators of IE and
DE, respectively, derive their variance estimator, and establish their asymptotic normality,
ensuring that Wald-type confidence intervals based on their associated variance estimators
achieve at least the nominal asymptotic coverage rate.

3.4 Specifying the sensitivity parameters

Propositions 2 and 3 establish that the bias-corrected estimators of the indirect and direct
effects depend on the unknown exposure probabilities 7w and 7§ of alters and egos, re-
spectively, in the population network A. For the direct effect, the bias-corrected estimator
also depends on the sensitivity parameter k. We now illustrate how the computation of
m¢ and 7 reduces to specification of edge-level probabilities or the expected number of
missing alter—ego and ego—ego edges. These specifications form the basis of our sensitivity
parameters. Importantly, while we maintain the design-based framework, implying that the
population network A is fixed, its full structure is unobserved. Consequently, we treat the
presence of missing edges as uncertain for the purpose of the sensitivity analysis. We do not
posit a generative superpopulation model for A. Rather, we define sensitivity parameters
to model our uncertainty about the missing alter—ego and ego—ego edges. Therefore, all
subsequent probability statements regarding missing edges should be interpreted strictly as
quantifications of this uncertainty.

By the exposure mapping specification (Assumption 2) and the experimental design
(Assumption 1), the relevant edges in the population network A that determine the proba-
bilities 7 and 7§ are only the alter—ego or ego—ego edges. In the observed network A, each
alter i € R, is connected only to its ego e(i) € Re. Let RL = R, \ {j} be the set of all egos

other than j € R.. The latent alter—ego edges {Aij 11 € Rq,j € Rg(i)}, and ego—ego edges

{Aij 14, € Re,i # j} are the edges missing from A, relevant to the exposure probabilities.
Let p5; and pj; represent the postulated probabilities that a missing edge exists, i.e.,

pr:Pr(AZ]:1|/L7jERC’Z#])’

‘ 12
P%:Pr(Aij=1|i€Ra7j€R§(z))' "

Using (12), we can derive expressions for 7f and nf¢. By the law of total probability and
Assumption 1, Pr(Z;A;; = 1[i# j € Re) = p.pf;. Assuming edge independence yields

mi=1— ] (1=p:rf)). (13)
JERE
Turning to 7f, alter i € R, is exposed (F; = 1) only if its ego e(i) or at least one of the
other recruited egos connected to ¢ in the population network A is treated. Therefore, we
obtain (Appendix A.2)

mt=p.+(1-p)|1— [ (1—ppf)|. (14)
jeRre®

Egs. (13) and (14) illustrate how the exposure probabilities can be computed given speci-
fications of the edge-level sensitivity parameters pf; and pf;.
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We now discuss some prominent examples of how researchers can specify these pa-
rameters in practice. The examples include both homogeneous and heterogeneous edge
probabilities, as well as specifications based on the expected number of missing edges.

Example 1 (Homogeneous probabilities). If researchers are willing to specify the same

probabilities (12) for all units, i.e., pfj = p® and pfj = p®, then the exposure probabilities

(13) and (14) simplify to
mf=1—(1—pp) !

7T§I =p,+ (1 _pz) [1 - (1 - pzpa)ne_l] .

)

For instance, if researchers suspect that about 1% of the ego—ego edges are possible, they
can set p¢ = 0.01.

Example 2 (Homogeneous number of edges). A special case of Example 1 occurs by
specifying the approximate expected number of latent edges, separately for the ego—ego and
alter—ego edges. Let m° € {1, ceey (";)} be the total number of ego—ego edges that are
believed to be missing. Setting

me

pi; = pH(m°) = 5
()
weights equally each ego—ego edge probability and yields m® expected ego—ego edges.
There are ng(ne — 1) possible missing alter—ego edges. If approximately m® such edges are
expected to be missing, set the probability of each edge to

m(l

qA ey a ma =
ng P ( ) Na (ne _ 1)
For instance, if researchers suspect that each alter is connected to approximately ¢* > 0
additional egos, they can select m® = ¢* x n,. Similarly, if each ego is believed to be

connected to approximately ¢® > 0 additional egos, then m® = CEXT”G

Example 3 (Heterogeneous probabilities). Example 1 can be extended by allowing edge
probabilities to vary based on unit-level covariates X ;. This captures the well-known phe-
nomenon in network science of homophily (McPherson et al., 2001), where units with similar
characteristics are more likely to interact.

We begin with a baseline probability parameter, pf ..., analogous to the homogeneous
parameter p® in Example 1. We then adjust this baseline using a pairwise dissimilarity

measure d;; = d(X;, X ;). Common choices include the LP norm, d;; = | X; — X, or
Tx.

the Cosine distance, d;; = 1 — % To incorporate these distances while preserving
i J

symmetry (pfj = pjl-), we represent the edge probabilities using the logistic link function:

. . —e
logit(f;) = l0git (Phase) 7 (s — d°)
where d° = ﬁ Doic jeR. d;; is the average distance between all ego pairs. Here, v¢ > 0
is a sensitivity parameter controlling the strength of homophily. By centering the distances
(subtracting d°), we decouple the network density from the homophily structure such that
Prase controls the overall network density and ¢ controls how strongly edges concentrate
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among similar units. Setting v¢ = 0 eliminates the distance term, recovering the homoge-
neous probabilities of Example 1 (pf; = pf,,.). Larger values of v¢ decrease the probability

of edges between dissimilar units (where d;; > d’) and increase it for similar units.
Analogous definitions apply for alter-ego edges using a baseline pj .., a sensitivity
parameter 7%, and centered distances between alters and potential egos.

Example 4 (Heterogeneous number of missing edges). Examples 2 and 3 can be combined
to allow pair-specific heterogeneous probabilities while fixing the expected number of miss-
ing edges. Let wy; = exp(—vedfj) and wf; = exp(—fy“d%) be the exponential of the negative
measures defined in Example 3, for fixed values of 7“ and v*. Larger values of w{; and wj;
indicate higher similarity between the covariates of ¢ and j. Define the total sum of weights
among all distinct ego—ego and alter—ego pairs with missing edges:

We = Z wfj, W“:Z Z wfj

i,jER,i<] i€Ra jege®

Similar to Example 2, researchers can specify m¢ and m?®, the approximate number of
missing ego—ego and alter—ego edges, respectively, and set:

€ a

e = T e, ot = T
(/A We 4’ 1y Wa ~W°

This specification reflects that the expected number of missing edges is approximately m®
and m®, while allowing for heterogeneous edge probabilities. Setting all weights (wfj and
wy;) to one recovers Example 2.

3.5 Running the sensitivity analysis in practice

To assess the impact of contamination on the causal estimates, researchers can utilize the
bias-corrected estimators for the indirect effect and for the direct effect. The bias-corrected
estimators depend on the sensitivity parameters that define the edge-level probabilities
(12) and the parameter  for the direct effect. Examples 1-4 provide practical guidelines
on how to specify these parameters in practice. When the true values of such parameters
are unknown and cannot be estimated from the data, researchers can resort to sensitivity
analysis by exploring a range of plausible values. We consider here two approaches: grid
sensitivity analysis (GSA) and probabilistic bias analysis (PBA).

In GSA, researchers specify a grid of values for the sensitivity parameters and compute
the bias-corrected estimates for each combination of parameters (Rosenbaum and Rubin,
1983; Greenland, 1996). That results in a grid of bias-corrected estimates. Such estimates
can be coupled with the associated confidence interval given each value of the sensitivity
parameters in the specified grid. Researchers can then summarize the sensitivity analysis
results by reporting the answers for questions such as “what is the largest number of
missing alter-ego edges such that the confidence interval for IE excludes the value zero?”
or “are there combinations of pf; and  such that DEg; flips its sign compared to the naive
estimator?”.

In PBA, researchers specify a distribution for the sensitivity parameters and compute
the distribution of bias-corrected estimates over this distribution (Greenland, 2005; Lash
et al., 2014; Fox et al., 2021). In practice, this distribution is approximated using Monte
Carlo by sampling from the specified distribution, and summarized through averages and
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intervals of the resulting bias-corrected estimates. This distribution of bias-corrected esti-
mates accounts for uncertainty in the sensitivity parameters (bias uncertainty). Further-
more, as described below, it is possible to compute a distribution of estimates that accounts
for both statistical uncertainty and bias uncertainty. In our design-based framework, sta-
tistical uncertainty arises solely from the treatment assignment distribution. A review of
PBA is given in Appendix C.

We now describe the GSA and PBA approaches in more details.

Grid sensitivity analysis. Given a grid of sensitivity parameters, the full procedure is
as follows:

1. (Optional.) Get the predicted values for the outcome models ¢ ( f) and 71§ (z) using the
cross-fitting procedure described in Section 3.3. These predicted values are calculated
only once and used for all sensitivity parameter values.

2. For each parameter value in the grid of sensitivity parameters:

(a) Compute bias-corrected estimates I/Eadj or _f\EZZf and ﬁ’adj or ﬁzzjg .
(b) Estimate the variance of each bias-corrected estimator.

(c) Compute confidence intervals for each estimator.

The results are then summarized by presenting the estimators and associated confidence
intervals as a function of the sensitivity parameter(s), as we demonstrate in the data anal-
ysis (Section 5). Details on estimating variance and confidence intervals are provided in
Sections 3.1-3.3.

Probabilistic bias analysis. Instead of specifying a grid of sensitivity parameters, re-
searchers assign a distribution for each parameter. For instance, under the setting in
Example 1, if researchers believe that approximately 1% of the possible ego—ego edges are
missing from A, they can set p¢ ~ Beta(a,b) and choose the values of a and b such that
the mean is ;45 = 0.01, and the variance reflects the level of uncertainty about p®. Let
p(+) be the specified distribution for the sensitivity parameters. In practice, researchers can
specify a separate distribution for each parameter.

Let B > 0 be the number of Monte Carlo samples. The PBA procedure that accounts

for both bias and design uncertainty proceeds as follows.

1. Foreachb=1,...,B:
(a) Sample sensitivity parameters from the distribution p(-).

—~ (b —(b
(b) Compute the bias-corrected estimates [ E,(Id)J and DE)

aqj under the sampled val-

ues.

(¢) Draw from the (approximate) distribution of the estimator

— (b,rand) —~ () =~ —
Eoy " ~ N (B, Vz (IEadj) :

and similarly for the other estimators.

2. Summarize the distribution of bias-corrected estimates. For example, by computing
1 B = (brand)

the average 5 ) ;1 [ E 4 and empirical percentiles for intervals.
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If researchers use the augmented estimators fEZZf and E\EZng (Section 3.3), the outcome

models can be pre-computed as in GSA step 1. Step 1c propagates the statistical uncertainty

(w.r.t. Z) into the estimators by simulating a draw from the estimators’ asymptotic normal
— (brand i
distribution. Therefore, the distribution of estimates [ E((ld; and) accounts for both bias

uncertainty about the sensitivity parameters and statistical uncertainty resulting from the
treatments assignment (Greenland, 2005; Fox et al., 2021). Further technical details and
motivation of the PBA procedure are provided in Appendix C.

3.6 Estimation of sensitivity parameters with internal validation data

Until this section, the exposure probabilities 7" and 7{ (or the basic components of latent
edge probabilities pf; and pfj) and x have been treated as unknown sensitivity parameters.
However, these parameters can be directly estimated with different types of internal vali-
dation data, thus alleviating the reliance on pure sensitivity analysis. We now describe the
specific data types required for estimating these parameters, separately for alters (network
members) and egos.

Internal validation data for alters. Recall that by ENRT design and the exposure
mapping specification (Assumption 2), alters’ exposure misclassification is one-sided. That
is, alters with observed exposure F; = 1 will have a correctly classified exposure, while those
with F; = 0 can have a true exposure of F; = 0 or F; = 1. Therefore, in the study follow-up
period, researchers can use a validation subset of alters from the non-treated ego-networks
and ask them to recall information about the intervention. For example, in the HPTN
037 study, the treated egos underwent training sessions that included a number of specific
phrases and terms designed to assess the diffusion of intervention messages. Thus, alters
connected to a non-treated ego should have no recollection of these terms. In the follow-up
period, alters within a validation subset were asked to recall terms associated with the
intervention to assess possible contamination (Simmons et al., 2015; Aroke et al., 2023;
Chao et al., 2025). This information can be used to estimate the conditional probability
Pr(F; =1 | F,=0,i€ R.) and subsequently the exposure probabilities 7" or, in the case
of homogeneous probabilities (Examples 1-2), the edge probabilities p®. We describe this
in more detail in Appendix A.11. In Section 5, we compare the bias-adjusted indirect effect
estimates resulting from the calibration using the internal validation data of the study to
the sensitivity analysis described in the preceding subsections.

Internal validation data for egos. Similar recall data described for the alters can be
used to assess the exposure probabilities of egos, in the case of homogeneous exposure
probabilities. Non-treated egos should have no recollection of the terms described in the
intervention. Therefore, non-treated egos that recall intervention-related information in
the follow-up period ostensibly obtained this information due to contamination from other
egos. Under homogeneous exposure probabilities, both 7° and p® can be estimated using
the proportion of non-treated egos in the follow-up period that recalled intervention-related
information (Appendix A.11).

Alternatively, researchers can ask the egos more direct and informed questions. For
example, instead of recalling any terms associated with the intervention, researchers can
ask the egos if they learned about the intervention from other friends or sources. That will
provide information regarding the true exposure status of egos in the validation subsample.
These internal validation data can be used to estimate both 7§ and x (Appendix A.11).
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This type of information was not collected in the HPTN 037 study and can be of valuable
importance for future studies.

4 Simulation study

We conducted 2 snnulatlon study to evaluate the performance of the bias-corrected estima-
tors TE Eqgj, IE Eadj , DEadJ, and DE . We assessed the bias, variance estimation, and empir-
ical coverage of the confidence 1ntervals under the true values of the sensitivity parameters.
Furthermore, we evaluated how misspecification of x values or violation of Assumption 4
affects the estimation of the direct effect.

The simulation study is based on a data-generating process that partly mimics the
settings of the HPTN 037 study (Latkin et al., 2009). We generated n. = 200 disjoint ego-
networks with two alters each, which was the average number of alters per ego-network in
HPTN 037, resulting in n, = 400. Contamination between the ego-networks was generated
by specifying the expected number of missing alter—ego and ego—ego edges, as in Examples 2
and 4, and drawing the latent edges independently. Specifically, we set the expected number
of missing alter-ego edges to m® € {100,200}, and ego—ego edges to m¢ € {150,250}.
Under each setup, a single network was generated and was fixed throughout the simulation
replications. The potential outcomes were generated once according to the models

Yi(z, f) = —05+22+05f+2f + X8, +¢e;, forieRe,
Yi(0, f) = =0.5+2f + X[ B, +«i, for i € R,

where ¢; ~ N(0,1) are independent noise terms. This data-generating process yields true
effects of DE = I = 2, and ratio of direct effects among exposed versus non-exposed egos
of kK = 1.5 as defined in (7). The generation process of the three covariates X; and the
specification of 3, and 3, are provided in Appendix D. Treatments were assigned according
to a Bernoulli design with p, = 0.5. We performed 5x 102 simulation replications by random
draws of treatment assignments.

We report here the results when contamination was generated using heterogeneous edge
probabilities as in Example 4 with Euclidean distance and ¢ = v* = 1. We compare the
bias-corrected estimators under the specification that uses the correct edge probabilities
(“Heterogeneous” ), under the specification that uses a misspecified model with the same
edge probabilities as in Example 2 (“Homogeneous”) and the uncorrected estimators IE and
DE (“Naive”). We considered both the HT estimators and the augmented estimators using
an outcome model estimated via linear regression with two-fold cross-fitting (as described
in Section 3.3).

Table 1 summarizes the results for the indirect and direct effect estimation. As the
level of contamination (m® and m€) increases, the naive estimators exhibit substantial
bias and poor coverage. In contrast, all bias-corrected estimators exhibit negligible bias
across all scenarios, illustrating that even a misspecified model for the edge probabilities
(homogeneous specification) can effectively correct for the bias. For the non-augmented
estimators, the variance estimates were conservative, particularly for the direct effect in
high contamination settings (SD/SE = 0.574). This is comparable to the conservativeness of
the variance estimators in other papers in the network interference literature (e.g., Aronow
and Samii, 2017; Weinstein and Nevo, 2026). The augmented indirect effect estimators,
on the other hand, yielded valid variance estimates and achieved nominal coverage rates.
The augmented direct effect estimators tend to slightly overestimate the variance (SD/SE
< 1), which is attributed to their conservative variance estimator (Section 3.2). Results
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for homogeneous contamination settings are provided in Appendix D and exhibit similar
patterns.

We also evaluated the impacts of misspecifying the value of k or violating Assumption 4.
We found that violations of Assumption 4, induced by heterogeneous treatment-exposure
interactions, resulted in negligible bias for the corrected direct effect estimators, albeit
with slight variance underestimation. The impact of x misspecification depended on the
direction of the misspecification compared to the true value. If k is misspecified in the wrong
direction (e.g., specifying k < 1 when x > 1), the bias-corrected estimator can exhibit severe
bias and lower coverage than the naive estimator. Conversely, when x is misspecified in
magnitude but in the correct direction, the bias-corrected estimator outperforms the naive
estimator. Moreover, the performance of the proposed bias-corrected estimators under
binary potential outcomes was also assessed, yielding results consistent with those under
the continuous potential outcome model. See Appendix D for additional details and results.

Table 1: Simulation results for indirect and direct effects under heterogeneous contamination.
Bias is the empirical bias, Coverage is the empirical coverage of the 95% confidence intervals,
and SD/SE is the ratio of the standard deviation of the estimates to the mean standard error
estimates. Specification “Heterogeneous” uses the correct edge probabilities, “Homogeneous”
uses the same probability for all edges, and “Naive” is the uncorrected estimator. Augmented
indicates whether the estimators augmented with an outcome model are used. True effects are
IE=2and DE = 2.

Estimand  Scenario Specification =~ Augmented  Bias  Coverage SD/SE
FALSE -0.006 0.963 0.948

Heterogeneous TRUE -0.007 0.948 0.988

FALSE -0.004 0.963 0.949

Homogeneous TRUE -0.005 0.949 0.987

B m® =100 FALSE  -0.239  0.507 0.949
Naive TRUE -0.240 0.403 0.987

FALSE 0.002 0.970 0.902
Heterogeneous TRUE 0.000 0.955 0.988
FALSE 0.011 0.971 0.904
Homogeneous TRUE 0.009 0.954 0.987

m® =200 FALSE  -0.434  0.074 0.904
Naive TRUE -0.435 0.026 0.987

FALSE 0.000 0.986 0.780

Heterogeneous TRUE -0.005 0.960 0.952

FALSE -0.011 0.984 0.802

Homogeneous TRUE -0.016 0.956 0.960

DE m® =150,k = 1.5 FALSE 0.514 0.279 1.068
Naive TRUE 0.508 0.175 1.045

FALSE 0.000 0.999 0.574

Heterogeneous TRUE -0.005 0.981 0.829

FALSE -0.019 0.998 0.596

Homogeneous TRUE -0.024 0.976 0.840

m® =250,k = 1.5 FALSE 0.689 0.102 1.064
Naive TRUE 0.682 0.023 1.029
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5 Data analysis

HPTN 037 was an ENRT that evaluated the efficacy of a peer education intervention in
reducing HIV risk behaviors among people who inject drugs and their drug and sexual
networks (Latkin et al., 2009). Egos were randomized (p, = 0.5) to receive a peer ed-
ucation training and were encouraged to share the HIV risk reduction information with
their drug and sexual network members (alters). Egos in the control arm received standard
HIV prevention counseling. The study was conducted between 2002 and 2006 in Philadel-
phia, Pennsylvania, US and Chiang Mai, Thailand. The study recruited 414 egos (index
participants) who were asked to recruit at least one drug or sex network member (alter)
into the study. Researchers enforced that alters were not also egos, and that each alter
was connected to only one ego in the observed network (Latkin et al., 2009). Following
previous analyses (Buchanan et al., 2018, 2024; Chao et al., 2025), we limit our analysis to
the Pennsylvania site and to a 12-month follow-up, yielding a sample of n, = 150 egos and
ng = 263 alters, with an average of 2 alters per ego-network. The primary outcome is a
binary indicator of any injection-related risk behavior in the past month, including sharing
injection equipment, front and back loading, and injecting with people not well known or
in a public space.

Contamination across ego-networks is a concern in ENRT. That is, alters might inject
drugs or have sexual relations with egos from other ego-networks, or egos might be connected
to each other. Using recall data collected after the trial, Simmons et al. (2015) found
evidence of contamination. Chao et al. (2025) developed a bias-correction method to adjust
for (homogeneous) exposure misclassification, only for the indirect effect, building on the
recall data and the assumption of non-overlapping ego-networks. That is, as in most ENRT
studies, the analysis in Chao et al. (2025) assumed that, in the population network, alters
can only be connected to one ego, and egos can not be connected to each other.

We relax this assumption and apply our proposed sensitivity analysis methods to assess
the potential impact of contamination on both indirect and direct effect estimates. For
both alter—ego and ego—ego edges, we specify the expected number of missing edges as in
Examples 2 and 4. Covariates used in the analysis include risk behaviors at baseline, age,
gender, and race. In the outcome models, we also included the average neighbors’ covariates
for each unit, as was also done by Buchanan et al. (2024). Quantitative covariates were
scaled to have a mean of zero and a variance of one. For the specification of heterogeneous
edge probabilities using the approximate expected number of missing edges (Example 4),
we use the Euclidean distance and set 7 = ~4* = 1. Results with 7¢ = % = 2 are
given in Appendix E and were consistent with the results shown here, albeit with higher
variance estimates. Note that here v¢ and +* are hyperparameters and not the sensitivity
parameters, which are x, m®, and m®. For the direct effect, we specify values larger than
1 to the sensitivity parameter x, addressing the concern that the direct effect is larger, on
average, among egos exposed to at least one other treated ego. We apply both the GSA
and PBA described in Section 3.5. Variance estimates and 95% confidence intervals were
calculated as described in Sections 3.1-3.3.

Furthermore, we compare the results of the sensitivity analysis with those obtained us-
ing point estimates of parameters from internal validation data, as described in Section 3.6.
During the 6-month follow-up of the study, participants were asked to recall terms intro-
duced in the intervention training program and unlikely to be known outside of it. Following
previous analyses (Aroke et al., 2023; Chao et al., 2025), we assume that a participant was
indirectly exposed to the intervention if she recalled at least one of the five terms associated
with the intervention. For greater accuracy, we limit the validation subset only to partic-
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ipants who recalled the positive term and none of the negative terms (Aroke et al., 2023,;
Chao et al., 2025). As described in Section 3.6, we estimate 7% from non-exposed alters
(F; = 0,7 € Ry) and 7¢ from non-treated egos (Z; = 0,7 € R.), both under homogeneous
exposure probabilities. Among 22 alters and 15 egos in the validation subset, only 4 alters
and 3 egos recalled the terms, mapping to an estimated exposure probabilities of 7@ = 0.59
and 7¢ = 0.2. From Example 2 this is equivalent to approximately m® = 105.5 missing

ego-alter edges and m® = 33.4 missing ego-ego edges.

5.1 Grid sensitivity analysis

For the indirect effect, we consider a grid of the approximate expected number of missing
edges with m® € [10,500] and m® € [10, 150], representing the concern that, in the homo-
geneous case, each alter and ego are approximately connected to at most two additional
egos (Example 2). In addition, we consider x € [1, 2] reflecting the suspicion that the direct
effect among egos connected to at least one treated ego is up to two times larger, on aver-
age, than the effect among egos that are not EQ%{};Cted to ¢ ct)l‘%er treated egos. We report
here the results for the augmented estimators I'E,; and DE,;; using two-fold cross-fitting
(Section 3.3) and logistic regression for the outcome models. We consider both homoge-
neous and heterogeneous edge probability specifications. Results for the non-augmented
estimators IE,q4 and DFE,4 are provided in Appendix E, and were consistent with the
results shown here.

Figures 2 and 3 summarize the GSA results for indirect and direct effects, respectively.
For the indirect effect, both homogeneous and heterogeneous specifications yield similar
results. The results suggest that, for instance, if each alter is connected to up to one
additional ego on average (m® = 263) in the homogeneous case, the bias-corrected estimate
is around —0.194 compared to the naive estimate of —0.076, and a bias-corrected estimate
of around —0.093 using the estimate m® = 105.5 from the internal validation data. Taking
the estimate m® = 105.5 as a lower bound for the true m?, implies that the naive estimator
underestimate IE by an order of at least 18%, indicating a substantially larger indirect
effect than previously reported.

For the direct effect, the bias-corrected estimates under the homogeneous and heteroge-
neous specifications yielded similar estimates that are closer to zero than the naive estimate
of —0.116 across the entire grid of sensitivity parameters. For example, if x = 1.5 and each
ego is connected to up to one additional ego on average (m® = 75), the bias-corrected
estimate is around —0.097 in the homogeneous case, compared to the bias-corrected esti-
mate of around —0.105 using the estimate m¢ = 33.4 from the internal validation data.
These results imply that the naive estimates of DFE might be overestimated by over 10.5%,
indicating a smaller direct effect than previously found.

5.2 Probabilistic bias analysis

For the PBA, we specify distributions for the sensitivity parameters, representing different
degrees of uncertainty about their values. For m® and m®, we compare three uncertainty
distributions. The first is a discrete uniform distribution over the ranges used in the GSA:
m? ~ Uniform{1,500} and m® ~ Uniform{1, 150}, representing maximum entropy, but
with a capped right tail. The second is a Poisson distribution with a mean equal to half of
the maximum value in the GSA grid: m® ~ Poisson(250) and m® ~ Poisson(75), represent-
ing moderate uncertainty with a thin but unbounded tail. The third is a Negative Binomial
(NB) distribution with a mean equal to half the maximum value in the GSA grid and a size
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m? (Expected number of missing alter-ego edges)
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Figure 2: Grid sensitivity analysis results for indirect effect using the augmented estimator
I/L\?ZZJ?. The x-axis represents the approximate total number of missing alter—ego edges m*®,
while the y-axis represents the estimates. The dashed vertical line at 105.5 is the estimate
of m?® from the internal validation data. Results are shown for both homogeneous (blue) and

heterogeneous (orange) edge probabilities specifications.

Direct Effect
Naive Estimate [95% ClI]: -0.116 [-0.286, 0.053]

Heterogeneous model Homogeneous model
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Estimated DE

Figure 3: Grid sensitivity analysis results for direct effect using the augmented estimator
l/?T?ZZJ?. The x-axis represents the approximate total number of missing ego—ego edges m*, while
the y-axis represents k, the interaction sensitivity parameter. The dashed vertical line at 33.4 is
the estimate of m® from the internal validation data. Contour lines and color shading represent

the estimated values. Results are shown for both heterogeneous (left) and homogeneous (right)
edge probability specifications.
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parameter equal to 10, representing a heavier tail than the Poisson distribution. For the
sensitivity parameter k, we consider two uncertainty distributions. The first is a contin-
uous uniform distribution, x ~ Uniform[1, 2], and the second is a log-normal distribution
with expected value 1.5 and standard deviation equal to 0.2 on the log scale, resulting in a
heavier right tail than the uniform distribution. We run the PBA procedure with B = 10*
Monte Carlo samples and account for both bias and statistical uncertainty, as described in
Section 3.5.

Figure 4 summarizes the PBA results for the indirect and direct effects with the aug-
mented estimators. For the indirect effect, the three distributions for m® yield similar av-
erage estimates, with a slightly larger magnitude for the heterogeneous specification. The
uniform distribution results in the widest intervals, while the Poisson distribution yields
the narrowest intervals. All bias-corrected estimates are lower (average estimates around
—0.158) than the naive estimate of —0.076, suggesting that contamination leads to severe
underestimation of the magnitude of the indirect effect. For the direct effect, all specified
distributions for m® and k yield similar average estimates, with the Poisson and uniform
combination resulting in estimates closer to zero than the rest. The uniform distribution
yields the widest intervals. The averages of the bias-corrected estimates are closer to zero
(average estimates around —0.12 in the heterogeneous specification) than the naive estimate
of —0.116, suggesting that contamination leads to slight overestimation of the direct effect.
Nevertheless, apart from the heterogeneous specification with the Poisson distribution for
indirect effect, the indirect and direct 95% PBA intervals include zero in all distribution
and edge probabilities specifications.

Indirect Effect Direct Effect
0.1 0.1
U e M ] i B it HE EE S 001-----f-- -t TF
w 0.1 w 01
é 0.2 g 02
©
£ 03 E£.03
w i
0.4 0.4
0.5 -0.5
Naive Poisson NB Uniform Naive Uniform Poisson + Uniform NB + Lognormal
Model A Heterogeneous ® Homogeneous Model A Heterogeneous ® Homogeneous

Figure 4: Probabilistic bias analysis results for indirect effect (left) using the augmented es-

timator fE’Zng, and direct effect (right) using the augmented estimator E\Ezzjg. Results are
shown as mean and 95% intervals for both homogeneous and heterogeneous edge probability
specifications, accounting for both bias and statistical uncertainty. Colors represent different
specified distributions for the total number of missing edges and the sensitivity parameter .

6 Discussion

In this paper, we developed sensitivity analysis methods to assess the impact of contam-
ination between ego-networks on the causal estimates in egocentric network randomized
trials. Such trials are increasingly used to evaluate interventions in hard-to-reach pop-
ulations, where full network information is often unavailable or difficult to obtain. Our
methods build on a general formulation of contamination as exposure misclassification due
to missing network edges, and provide bias-corrected estimators for both indirect and di-
rect effects. Our bias-corrected estimators rely on two types of sensitivity parameters. The
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first characterizes the magnitude of contamination. The second, specific to the direct ef-
fect, represents the ratio of the average direct effect among egos exposed to at least one
treated neighbor to those not exposed. We provided practical guidelines for specifying these
sensitivity parameters and described two sensitivity analysis approaches: GSA and PBA.

Our re-analysis of the HPTN 037 trial underscores the consequences of unmeasured
contamination in ENRTs. Our findings demonstrate that standard estimators can severely
underestimate the indirect effect while slightly overestimating the direct effect. For policy-
makers, this highlights that peer-driven interventions may be substantially more effective
than naive estimates suggest, altering the cost-benefit calculus for deploying network-based
public health strategies.

A limitation of our design-based framework is the focus on sample-level causal esti-
mands (1) and (2), which restrict our inference to the finite sample of recruited egos and
alters rather than the broader population. Extensions to population-level estimands require
specifying the exact mechanism of the egocentric network sampling, such as the inclusion
probabilities of the egos. However, many ENRTS, including the HPTN 037 study, in-
volve hard-to-reach populations where egos are typically recruited via convenience sampling
rather than a strict probability sample. While recent methodological work has considered
population-level estimands in ENRTSs, doing so generally relies on the assumption of simple
random sampling of units from the population (Fang et al., 2025). Consequently, our focus
on sample-level estimands reflects a methodological trade-off: we prioritize robust internal
validity and assumption-lean causal inference within the sample, without imposing strong
unverifiable conditions on the recruitment process.

A natural alternative to our sensitivity framework might be to explicitly infer the missing
alter-ego and ego-ego edges by assuming a stochastic generative model for the population
network A and estimating its parameters from the observed network A. However, this
approach presents significant challenges. First, it requires both positing a valid population-
level network model and specifying the egocentric sampling mechanism. Second, even if
these mechanisms could be specified, a fundamental challenge remains. Fitting a model to
a network of n nodes does not necessarily recover the parameters governing the population
network of NV nodes. Assuming that edge formation probabilities scale directly from a sam-
ple to the population requires the network model to satisfy properties such as consistency
under sampling (Shalizi and Rinaldo, 2013; Crane and Dempsey, 2021). Our design-based
framework coupled with sensitivity analysis offers a reliable alternative. By treating the
missing edges as fixed but uncertain, we can quantify the impact of contamination while
bypassing the need to posit assumptions on the data-generating and sampling processes.

We assumed a two-level exposure mapping specification, indicating whether a unit is
connected to at least one treated neighbor (Assumption 2). This specification is sensible
when the treatment effect is saturated at one treated neighbor (regardless of who it is).
That is, when exposure to additional treated neighbors does not further affect the outcome.
In Appendix B, we extend our methods to a three-level exposure mapping specification,
distinguishing between no treated neighbors, one treated neighbor, and two-or-more treated
neighbors. In this case, for example, an alter with an observed exposure level of one treated
neighbor may have a true exposure level of one or two-or-more treated neighbors. We limit
our analysis for the indirect effect IE, and derive bias expressions for the naive estimator
IE. We also provide bias-corrected estimators that depend on an additional sensitivity
parameter that captures the marginal unit-level exposure effect. We show that the two-
level exposure mapping model is a special case of the three-level model with saturation of
effect after the first exposure.

The exposure mapping specification we took in this paper relies on a first-order neighbor-
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hood interference assumption, restricting the diffusion of treatment effects to direct neigh-
bors. A valuable direction for future research is relaxing this specification to accommodate
higher-order interference. For example, under second-order interference, an alter could be
indirectly affected by the treatment through a connection to another alter in a treated ego-
network. In such settings, an ego might also have indirect exposure if its recruited alters are
connected to other treated egos. Adapting our proposed sensitivity analysis framework to
these scenarios would require specifying sensitivity parameters for latent alter-alter edges
across different ego-networks. While conceptually natural, this extension would introduce
notable combinatorial complexity to the computation of the exposure probabilities.

ENRT is an attractive design that allows for the estimation of spillovers and the in-
direct effect without the requirement for sociocentric network measurements. It enables
researchers to estimate causal effects under interference with limited network data. How-
ever, extending these designs to observational studies where units are sampled from a larger
network (e.g., through egocentric sampling), but treatments are not randomly assigned by
the researchers, is a more challenging problem. The primary concern is that non-recruited
units can be treated as well, leading to treatment interference between recruited and non-
recruited units. Since information on the edges connecting such units in the population is
rarely available, addressing interference in observational studies with egocentric sampling
remains a significant challenge.
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A Proofs and technical details

A.1 Proof of Proposition 1

Recall that the HT estimator of the indirect effect based on the observed data (3) is

—~ 1 {E =1}Y; IF =0,
=Ly { } _{1 0}
Y& — Dz

Mo iR,
By the assumed experimental design (Assumption 1), the probability that an alter is as-
signed to treatment is zero, that is, Pr(Z; = 1 | i € R,) = 0. In addition, by de-
sign Z; and F; = F(Z_;, A) are independent. Thus, for an alter i € R,, we have

]I{}?’Z = f} =1{Z; =0, F; = f} with probability one. Starting with the first inner term, for
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where (i) follows since Z; = 0 with probability one for alters and consistency (Assump-
tion 3) that connects the observed outcomes Y; to the potential outcomes Yi(z, f); (it)
from taking expectation with respect to the design Z (recalling that the distribution
of Z in this paper is conditional on the sample); (ii) simply uses that p, is equal to
Pr(F=f,F;=1[i€Ra) _ o =1 s ) .
Pr(F; =1]i € R,) and P FoificRy) Pr(F,=f|Fi=1,i€ Ra),l and (iv) follows
since Pr(F, = 1 | F, = 1,i € Ry) = 1. To see this, note that Doz ZiAi < 3540 Zj A
with probability one, which implies that E < F; with probability one as well. Since Fj is
binary, if F; = 1, it must also be F; = 1.

Moving to the second inner term, a similar derivation yields

=Pr(F,=1|F, =0,i € Ry)Y;(0,1)

+Pr(F;=0| F; =0,i € Ry)Yi(0,0).
By Bayes’ rule,

Pr(fi:0|F=0i6R) Pr(F;=0]iecR,)
Pr(F;=0]i€ Ry)
Pr( =0]i€Ra)

Pr(F,=0|F,=0,i € Ry) =

(A.2)
Pr( =0]i€Ra)
_1—7TZ
B 1*pz7

as Pr(F; =0 | F; = 0,i € Ra) = 1 since F; < F; with probability one. Setting Pr(F; = 1 |
F;=0,icRy) =1—Pr(F;=0| F, =0,1 € R,) and rearranging terms yields

I{F; = 0}Y;
1- Dz

_ (7 —pa) Yi(0,1) + (1 = 78 ¥;(0,0) (A.3)
1—p,

Ez

31



Consequently, combining (A.1) and (A.3),

E [ﬁ@] -3y (70 — p.) Yi(0,1) + (1 — %) ¥;(0,0)
3 1 — Dz
% ieRa
1 1—7¢
% ieRa z
1 Dz _77?
=B+ > Ty, X0,1) = Y:(0,0)],
1€R,

which completes the proof of the first part of Proposition 1.

Moving to the direct effect estimator. Recall that the HT estimator based on the observed
data (4) is

DE = ni 3 [H{Zz‘ =1}Y;  I{Z :()}YZ} |

€ icRe Dz 1—p.

By the assumed experimental design (Assumption 1), the observed exposure of all egos is
zero Pr(F; =0 |i € R.) = 1, and among the egos i € R., we have that ]I{Z =z} =Il{Z; =

z, F = 0} with probability one. The expectation of the first inner term of DE for ¢ € Re,
is as follows.

{Z; =1, F; = 0}Y;
Pz

E, [H{Zip: 1}Y7L:| (i) E,

(2) iEz [H{Zi =1,F = 17ﬁi = 0}Y;(1, 1)}

1 ~
+ Bz [[{Zi= 1K = 0.F; = 0}%(1,0)]

W pr(F, = 1,F, =0 € R)Yi(1,1)

+Pr(F;=0,F;=0|i€ Re)Y;(1,0)

W pr(F = 0]ieR)Yi(1,1)

+Pr(F;=1]i€R.)Yi(1,0),
where (1

tion 3);
1 \ i

) follows from the explanation described above; (i7) from consistency (Assump-
(ii7) since Z; is independent of both F; and F; by Assumption 1, and Pr(Z; =
€ Re) = p; and (iv) since F; is equal to 0 with probability one. Recalling that
=Pr(F; =1|i € R.) and plugging it into the above expectation yields

E, [H{Z;l}y] = m§Yi(1,1) 4 (1 — ) Yi(1,0). (A.5)

Replacing Z; = 1 with Z; = 0 and p, with 1 — p, above, yields similar results. Specifically,
for z = 0 we have

E, []1{21_:]90}1/] = 7°Y;(0,1) + (1 — 7%)Y5(0,0). (A-6)
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Plugging (A.5) and (A.6) into Ez [I/DE'} yields

Ez |[DE| = — L ST e (01 1) = Yi(0, 1)} + (1 - 7) {Yi(1,0) = Y;(0,0)}]
ZERel (A?)
=DE+ — Y wf [{¥i(1,1) = ¥;(0,1)} — {Y;(1,0) — ¥;(0,0)}],
Me 1€R,
which completes the second part of Proposition 1. ]

A.2 Exposure probabilities of alters

Alter i € R, is exposed (F; = 1) if its ego e(7) or at least one of the other recruited egos
connected to 4 in the population network A is treated. We have

e =Pr(F,=1|i€R,)
= PI‘(FZ' =1 | Ze(i) =1,i € Ra) PI‘(ZE(Z-) =1 ’ 1€ Ra) (A8)
+ PI‘(F,L =1 | Ze(i) =0,1 € Ra) PI‘(Ze(i) =0 | 1€ Ra),
but Pr(F; = 1| Z.; =1,i € Ra) =1 and Pr(Z.; = 1] € Ra) = p.I{e(i) € Re} = p. by
Assumptions 1 and 2. Since only recruited egos have a non-zero probability of being assigned

to treatment, then for alter i € Ry, F; = z#i ZjAij = ZjeRe Z;jA;; with probability one.
Therefore,

Pr(F;=0|Z,) =0,i € R,) =Pr ZiAi; =0 Zyn=0,i € R,
(4) J4Lig (@)

jeRe

=pr( Y ZAy=0lieR,)
JERAC(i)

= II (-rsi).

JERA(e())

Substituting Pr(F; = 1 | Z,;) = 0,4 € Ry) = 1 = Pr(F; = 0| Z,;) = 0,4 € R,) in (A.8)
yields (14).

A.3 Proof of Proposition 2

The bias-corrected estimator is

[Bogi = —
U g GER: 1— ¢
K a

I{F; =1}Y; I{F =0}Y;
Dz 1—p.

As the weights tﬁ; are fixed and therefore independent of Z, taking the expectation

Ez [I{Eadj} will result in the second row of (A.4) where the terms 1:7;;: and

1 ﬂ_a are

multiplied and therefore canceled. That implies Ez [I/Eadj] = I F and completes the proof
of Proposition 2. 0
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A.4 Proof of Proposition 3
Recall that (7) states that

RA(
where A(f) = n%; Yier, Ai(f) and A;(f) = Yi(1, f) — Yi(0, f). The bias-adjusted direct
effect estimator is

_ 1 1 7 =1, I{Z =O0}Y;
- _Z[{ i I }

)

Ue R, Pz 1—p.
where ue = ne [1+7¢(k —1)] and ™ = n_ ' 7,5 7 is the average probability of exposure
among the egos.

The inner product of two vectors a,b € R™ can be written as % > b = ab + Sa.b
where Sqp = L 3.(a; —@)(b; —b). Since both k and 7¢ are fixed and therefore independent
of Z, we can use (A.7) and write the expectation of the naive estimator as

Bz [DE| = DE+ - 37 w¢[{¥i(1,1) - ¥i(0, )} ~ {%(1,0) - %i(0,0)}]
€ ieRe

= DE+ 37w [A(1) - Ai(0) (A.9)
€ ieRe

= DE+7 (A(1) = A(0)) + Sre,a1) — Sre,a(0)
=[1+7(k = 1)] DE + Sre A1) — Sre,a(0)>

where we used A(1) = kA(0) and the fact that A(0) = DE. Thus, the expected value of
the bias-corrected estimator is

Sre, A1) — Sre,A0)
1+7(k—1)

Ey [ﬁadj} — DE +

Finally, under Assumption 4, Sre A(1) = Sre,a(0), and we obtain Ez [ﬁadj} = DE. That
completes the proof of Proposition 3. 0

In the case of homogeneous exposure probabilities 7f = 7¢ for all ¢ € R, for some
constant ¢ € [0,1], we have Sre A1) = Sre a() = 0, therefore ﬁadj is an unbiased
estimator of DFE.

Conditions under which the naive HT estimator is unbiased. If 7{ = 0 for all

1 € R or k = 1, the bias-corrected estimator ﬁadj reduces to the naive HT estimator DE.
If 7f = 0, then from Proposition 1 the naive HT estimator will be an unbiased estimator
of DE. If k =1, we have two options

1. If the exposure probabilities are homogeneous (7§ = 7€), then Sre A(1) = Sre,a(0) =
0 and DE is an unbiased estimator of DE. That will be true even if there is some
contamination between the egos, i.e., if 7 > 0.

2. As described in the main text, under the saturated potential outcome model
Yi(z, f) = Boi + Briz + Baif + Baizf,
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Assumption 4 reduces to

Smepy = — 3 (76— 7) (B — ) = 0.

n
¢ ieRe

Setting x = 1 implies that Zz‘eRe B3; = 0. Thus, DE will be an unbiased estimator
of DE if ZieRe Wfﬁgi =0.

A.5 Direction of bias relative to the null

We now show the direction of bias of the naive estimators fE and EE relative to the null
of no effects.

Indirect effect estimator Starting with IE. If Y;(0,1) > Y;(0,0) for all : € R, such
that IE > 0, then since p, — nf <0, from (A.4), we have 0 < Egz [fE] < IE. Vice versa,

if Y;(0,1) < Y;(0,0) for all i € R, then IE < 0 and 0 > Eg {.ﬁ}} > [E. That is, the

estimator IE is, in expectation, biased towards the null of no indirect effect. That will hold
in both the homogeneous and heterogeneous scenarios of P, as pr —m <0 for all i € R,.

Direct effect estimat/0£ We show the direction of bias relative to the null of the naive
direct effect estimator DE using the representation x as defined in (7). From (A.9)

Ez [ﬁ} = [1 + ﬁe(/@ - 1)] DE + S7r67A(1) - Sﬂ.eyA(O).
Under Assumption 4, the covariance terms are equal, thus
E, [EE} = [1+7(k—1)] DE

Since 7€ > 0, we have

¢ IfDE>0
Ez[DE] > DE >0, &> 1,
DE>Ez[DE] >0, ke (1-2,1),
Ez[DE] <0, K<l- .

¢ IfDE<0

Ez[DE] <DE <0, &> 1,
DE <Ez[DE] <0, re (1-,1),

Ez[DE] >0, K<l-L.

™

Therefore, the estimator DE is biased away from the null of no direct effect if k > 1, biased
towards the null if kK € (1 — %, 1), and changes sign if Kk < 1 — % Since 7§ is typically
small, then 1 — % is a large negative number, and it is unlikely that x is smaller than that
value in practice. Thus, in general, we expect that the estimator DE is biased away from

the null if K > 1 and towards the null if £ < 1 for many realistic scenarios.
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A.6 Direction and magnitude of bias-corrected estimators

We now derive the direction and effect magnitude of the bias-corrected estimators fl\?adj
and DE,4 compared to their respective naive estimators IE and DE.

Indirect effect estimators. Eq. (14) implies that 7 > p,, therefore 11:% > 1. If

¢ = 7w® for all ¢ € R,, that is, the same for all alters, then fEadj = i:ﬁ;fE. Thus,

7

sign(I/E’adj) = sign(fl\?) and

IEad] > B, IE >0,
IEq. <IE, IE<0.

Direct effect estimators. Recall that E\Eadj mDE Thus, if 1 +7°(k — 1) >
1=k >1-2 then sign(l/)Eadj) = sign(l/)E). Otherwise, if K < 1—2, then s1gn(DEadj) =
—sign(l/)-l\?). However, for example, if 7¢ ~ 0.01, 1 — ?1@ ~ —99, and it is unlikely that s
is smaller than that value in practice. So in general, we expect sign(ﬁ\Eadj) = sign(ﬁ’).
Moreover, if £ > 1 then

DEadj < DE, DE >0,
DE,q > DE, DE <0,

so the adjusted estimator is, in magnitude, closer to zero than the unadjusted estimator.
Vice versa, if k € (1 — %, 1) then

DEadj >~ DE, DE >0,
DE,q < DE, DE <0.

Thus, the adjusted estimator is, in magnitude, further away from zero than the unadjusted
estimator.

A.7 Variance estimation and asymptotic distribution (no cross-fitting)

We derive variance estimators for the non-augmented (but bias-adjusted) estimators.

1-p, [{E=1}Y; [{F=0}Y;
1—m Pz 1—p.

such that I/J\Eadj = i ZzeR . By the ENRT design, alters in the same ego-network all
have the same treatment a581gnments and exposure status. Thus, we can calculate the
variance by using the aggregated outcomes in each ego-network. To this end, we can write

Fu=7-> X

azERejeRa e(j)=t

Indirect effect estimator. Starting with fEadj. Let rl =
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where T; = ) JERaze(s)=i i and T= n% ier. Li 1s the average over ego-networks. There-
— 2 —_
fore, the variance is Vz (I Eadj> = %VZ (T), which can be conservatively estimated with

the design-based variance estimator (Ding, 2024)

Vs (TBag) = 5 32 (1~ T)".

@ ieRe

Under standard regularity conditions, the estimator I:Eadj is asymptotically normally dis-
tributed with mean IE (Ding, 2024). This motivates a Wald-type confidence interval for

IE based on the variance estimator XA/Z (I/E’adj)

IEadj + Z1—a)2 ‘7Z (IEadj)v

where z;_q/ is the 1 — a/2 upper quantile of a standard normal distribution. However,

since the estimator 172 (fE’adj> is a conservative estimator of Vg (I/Eadj>, constructing

confidence intervals based on it results in a conservative confidence interval with coverage
rate of at least 1 — a.

Direct effect estimator. Moving to E\Eadj. Let r§{ = such that

{Z,=1}Y; _ {Z,=0}Y;
Pz 1-p.

ﬁadj = uie ZieRe r{. By the ENRT design, treatment assignment is independent across

egos. We can write the variance of DE4; as

L@@EW>:?§:WVQ+$ 3 Cova(rf,r5), (A.10)
€ i€Re € i,jERe:I#]

where Vz(r) is the variance of the terms r§ w.r.t. the design Z. The Neyman-type variance
estimator is (Ding, 2024)

~ — 1 N2
VNeyman <DEadj) = Ig Z (Tf - DEadj)
1€Re
This estimator assumes that the terms r{ are independent, and is therefore a conservative
estimator of the first term in Vz (ﬁadj) However, in the presence of contamination, this

independence assumption is violated. From the exposure mapping specification (Assump-
tion 2) and consistency (Assumption 3), we can write the terms r{ as

Pz Dz

e Zi

i

[FY;(0,1) + (1 — F;)Y;(0,0)],

where F; = F(Z_;, A) are the true exposures of ego i. Therefore, if egos i and j share an ego
neighbor £ in the population network A, the terms r{ and r;f will be dependent, as Z;, will
influence both Fj and Fj. These dependencies induce pairwise covariances Covz(rf,5) that
are omitted by the Neyman-type estimator VNeyman (ﬁadj). Thus, ?Neyman (ﬁadj)
captures only the sum of marginal variances, and ignoring the covariance terms that arise
under contamination might lead to underestimation of the overall variance.

To ensure valid inference, we propose a conservative variance correction that accounts
for these latent correlations. The terms r{ and s for two egos i,j € R, are correlated if

37



the egos share a common (latent) neighbor k € R.. Let K;;‘(k:) =I{As =1,Aj, = 1} be
the indicator that in the population network A, the ego k € R, is a common neighbor of
both i and j while k # 4, j. Define the number of shared neighbors between ego ¢ and j by
in the population network A by

A A

kERe,k#i,j

We construct a dependency graph G;?ep = (Re,Ej?ep) where an edge exists between two
egos i,j € Re if the terms r{ and r{ are dependent. That is, E;?ep(i j) =1 occurs if A, =
Aj = 1 for some other ego k € R Thus, we can write I[{Edep i,j) =1} = ]I{K{}‘ > 0}.
However, the ego-ego edges in A are missing from the observed network A. But we can
compute the probability of the dependence under the sensitivity model (Section 3.4). Each
of the missing ego-ego edges A;;;, is postulated to exist independently with probability pf, .
Therefore, taking expectation with regard to the epistemic uncertainty from the sensitivity

model yields,
Pr(EZ,(i,j) = 1) = Pr(K{} > 0)
=1-Pr(K{ =0)
=1- [ O —rrs)
EER e k#i,j
= &ij-
As the network A is assumed to be fixed, but partly unknown, the expressions Covz(r¢, r)

in (A.10) are essentially conditioned on it. That is, written explicitly, Covz(r¢, rj) sﬁoufd
be viewed as Covz(r{,r§ [ A). As the terms r{ and r§ are dependent only under the event
]I{E;?ep(i,j) = 1}, for a fixed population network A, we can write Covz(r{,r§ | A) as
]I{E;?ep(i, j) = 1}Covz(rf,r¢ | A). By the Cauchy-Schwarz inequality, we can bound the

7,’ j
covariance term
HEf,(i,§) = 1}Covz (r,r§ | A)| < HER,(i.5) = 1},/Vz(r§)Vz(r§),
where Vz(rf) is the variance of the terms r{ w.r.t. the design Z. Since ]I{Edep(z j)=1}is

unknown due to the missing ego-ego edges in the observed network, we replace it with its
expected value Pr(EZ?ep(i, J) = 1) = &;; under the sensitivity model. Therefore,

&ij|Covz (ry, v | A)| < &ijy/Vz (r§)V2(r§)

We use the squared residuals 9; = (r{ —l/)Eadj)Q as conservative estimators for the unit-level

variances Vz(r{). This yields a conservative estimator for the variance in DE,4 due to
contamination between ego-networks

vConta. (ﬁadj) - 2 Zgzj (A'll)
€ i#j

The final corrected variance estimator for E\E’adj is given by

Vz (l/)Eadj) = Vieyman (ﬁadj) + Voonta, (ﬁadj) : (A.12)
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We establish the asymptotic normality of ﬁadj by adapting standard asymptotic nor-
mality results for design-based estimators (Ding, 2024) to the dependent data setting in-
duced by our sensitivity model. We present a sketch of a proof based on the Central Limit
Theorem for dependency graphs established by Baldi and Rinott (1989). Under the design-
based framework, statistical dependence between the summands r{ in I/DEadj arises solely
from the random treatment assignments of shared neighbors in the latent population net-
work. Specifically, the dependence arises from the true exposure values F; = F;(Z_;, A;)
due to possible contamination under the sensitivity model.

Consider the dependency graph G;?ep = (Re, EdAep) presented above. Define the degree
of each ego i € R, in this graph by Deg, ;, and let Deg,, ., = max;er, Deg,_ ,; denote
the maximum degree. Assume that the terms 7{ are bounded, and that the variance of
the sum converges linearly n., i.e., Vz (ZZERE rf) = O(n.), indicating that the variance of
the sum is bounded both above and below by n. asymptotically. Therefore, Corollary 2 of
Baldi and Rinott (1989) implies that the error in the normal approximation is bounded by
a term of order Deg,_ qz /ni/ . Consequently, the validity of the normal approximation
requires that the size of the dependency neighborhoods grows sufficiently slowly relative to
the sample size, specifically Deg,,_ .4, = o(ni/ 4).

In the context of our sensitivity analysis, as the true population network A is only
partially known, this imposes a constraint on the postulated latent network in the specified
sensitivity model. If the specified probabilities pf; are sufficiently large such that the latent
network become dense (e.g., pi; =1 for all egos i, j € Re), this causes the maximal degree of
the dependency graph to scale linearly with the sample size (Deg,,, 4, & ne), violating the

condition Deg,, . = o(n;/ 4). Therefore, the reported confidence intervals are valid only
for values of the sensitivity parameters consistent with a sufficiently sparse latent network
topology. e

Following a similar argument to I E .4, the Wald-type confidence interval for DE based

on the conservative variance estimator Vz (DEadj>

DEadj + Rl—a/2 VZ (DEadj)7
results in a conservative confidence interval for DFE with coverage of at least 1 — a.

A.8 Augmented estimation via cross-fitting

The augmented estimators combine the outcome Y; and predicted outcome models for
estimating direct and indirect effects. Estimating the outcome models requires cross-fitting.
We utilize a two-fold cross-fitting algorithm tailored for design-based estimators (Lu et al.,
2025). We also provide variance estimators for the augmented estimators obtained from this
cross-fitting procedure. Finally, we describe the asymptotic distribution of the estimators.

We adapt Lu et al. (2025, Algorithm 1) to our setting. Specifically, from Assumption 1
of Bernoulli design for each ego-network, Lu et al. (2025, Proposition 1) motivates the
following two-fold cross-fitting algorithm.

1. Randomly split ego-networks into two disjoint parts Sy, S such that [Sy U Si| = n
and Sp N S; = 0. Specifically, we assign each ego-network (ego and alters) into S
with probability 0.5.

2. For ¢ =0,1do
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(a) Estimate the outcome functions for alters uf(f) and egos fif(z) using data from
the complementary split S1_g.

(b) Predict ¢ (f) and f§(z) on the units from S,.

(c) Estimate IE on units from Sg:

aug 1 1—p - -
TEgjlq) = > 1 Df AN - O],
"ala) jerons, ~ T

where 1, = > ier. I{i € Sy} is the number of alters in split S;, and where

{F, =1} (Y; — a2(1))  I{F =0} (V; — 32(0))
Pz 1 —p: '

D¢ =

)

(d) Estimate DE on units from Sy:

——aug 1 . .
DEuia = 4 > Df+As(1) = Ag0)],
eldl jeR.NS,

where ug[q] = Tl [1 —I—ﬁe[q](n — 1)] similarly to u. in Section 3.2, with ng, =
Yier, i € S} and weldd = 1 > icr.ns, T; are the number of egos and the

Ne[q
average exposure probability, respectively, in split S;, and

HZi =1} (Vi —pi(1)) ~ {Zi = 0} (Yi — 5(0))
Dbz 1—p. '

De —

(2

3. Combine the estimates across splits

TEey = % eld e

adj adjlq]
q=0,1 Na
——aug e[q] ——=aug
DEad] - Z U DE‘ldJ[Q]
(&
q=0,1

Note that the weighting in the combination of the direct effect estimators uses u. (as defined
in Section 3.2) since ue = U] + Ue[1]- As the units in the splits Sp and S; are independent
(w.r.t. Z), variance estimation will also be a combination of variance estimates in each
split (Lu et al., 2025). For the indirect effect estimates, we can write the variance estimate

in split ¢ by .
Vz (I Eadjg[fﬂ) == > (Taug T([Iqi]lg) )
alg] ieR.NS,

where T;"9 = YRS ()= AﬂD‘? is the average of weighted residuals D¢ of alter j

in ego-network of ego i € R, in spht q, and T[q] = %[] Y ieR.NS, T is the average
elq €

over ego-networks in split ¢. The outcome model terms (1) — f(0) are not included
in the variance estimator as they are fixed w.r.t. Z and since the sphttlng rule ensures
independence between the two folds. The combined variance estimator of IE E

i (7E) = 3 ngﬂ U (TE). (A13)
q=Y,
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For direct effects, the Neyman-type variance estimator in split ¢ is

~ ——aug 1 =z \2
VNeymom (DEadj[q]) = UT Z (Dze B De[q]) ’
elg] ieR.NS,

where D€ >icrons, Di- Therefore, similarly to (A.13), the Neyman variance

q = Ug[q]

. =g
estimator of DE 4" is

~ — wio
VNeyman (DEZZJQ) -y ;[j} Vs (DEZZj’[q]) . (A.14)
q=0,1 €
We apply the same conservative contamination-attributed variance correction (A.12) de-
rived for the adjusted estimator, adapting it to the augmented residuals. Specifically, we
compute the conservative contamination-attributed variance estimator (A.11) for each fold,
and combine it similarly to (A.13).

From Lu et al. (2025, Theorem 4), under common regularity conditions, both estimators
I/EZZJQ and EEZZJQ are approximately normal and normal-based confidence intervals using
the variance estimators achieve a valid (asymptotic) coverage rate.

In addition, the random splitting minimizes the dependence between the two folds.
While strict independence (w.r.t. Z) implies no interference between the splits, the con-
tamination between ego-networks is assumed to be sparse. Consequently, the dependence
of the estimated outcome models on the treatment assignments of units in the complemen-
tary fold is expected to be negligible. Under this approximation, the estimated outcome
models at each split can be treated as fixed w.r.t. the design Z (Lin, 2013; Lu et al., 2025).
Therefore, the derivations shown in Sections A.3-A.4 imply that I/EZ;L;] and ISE'ZZJQ remain
approximately unbiased estimators of IE and DF, respectively, provided that the number
of edges connecting units in the two folds (ego—ego and alter—ego) is small relative to the
sample size.

A.9 Relative risk estimand and estimators

In the case of binary outcomes, we can also consider the relative risk (RR) estimand

o Y;(0,1
TERR — M (A.15)
Zie’Ra }/1(07 O)
Analogously to (3), the estimator based on the observed data is therefore
‘ {F=1}Y;
T iR i (A.16)

3 I{F;=0}Y; '
i€Ra  1—p.

We saw in (A.1) that the numerator in (A.16) is an unbiased estimator of the numerator
in (A.15). However, from (A.3) the denominator is biased. Rearranging (A.3),

I{F; = 0}Y;
- bz

1_pz
1—7¢

]

7Ta_pz
= Yi(0,0) + 7
(0,0) + T

7

Yi(0,1).

Thus, using (A.1), we can unbiasedly estimate Y;(0,0) through

1—p. {F; =0}Y; =l —p.I{F; = 1}V
-7 1-p, 1 - Pz .
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That motivates the adjusted estimator

RR o, HA=LY
— —
IE(ldj = Z~ a Pz _ ' (A]_?)
> 1-p, {F=0}Y; w}—p: {Fi=1}Y;
1€R 1-7g 1-p. 1—md D~

Being a ratio estimator, (A.17) is biased, but the bias can be easily bounded (Sarndal et al.,
2003).

A.10 Relaxing Assumption 4

We provide two approaches to relax Assumption 4, which states that the empirical covari-
ance between exposure probabilities 7§ and the direct effect among exposed egos A;(1) is
equal to the empirical covariance between 7{ and the direct effect among non-exposed egos
A;(0), that is,

Sre.A(1) = Sme A(0)-

In the first approach, we derive sharp bounds for DFE as a function of the sensitivity
parameters 7§ and s and the observed data. That enables researchers to obtain bounds,
instead of point estimates, for DE, or obtain bounds for DE given estimates of 7{ and ~
from validation data, as described in Section 3.6.

In the second approach, we modify the sample average proportionality expressed in
(7), to a stronger assumption of unit-level proportionality. That produces a modified bias-

corrected estimator for DFE that is an unbiased estimator without requiring Assumption 4
to hold.

Bounds for DE without Assumption 4. We can relax Assumption 4 by using bounds
instead of an unbiased estimator given values of 7{ and k. Note that we can write

Sre,A(1) — Swe,A0) = Swe, A1) -A(0)-

Therefore, Assumption 4 is equivalent to assuming Sre a(1)-a(0) = 0. Note that from (A.9)
the expectation of the naive HT estimator is

Ezﬁﬁj:UA4#M—1NDE+SﬂA@y—&ﬁA@
=[1+7(k = 1)] DE + Sze a(1)-A(0)

By the Cauchy-Schwarz inequality, we have

|Sre,a)—a©) < SxeSan)-a(0);

where the first component Sre is the empirical standard deviation of 7§ and can be com-
puted given a specific value of the sensitivity parameters. The second standard deviation
can be bounded as follows. Assume that there exist two constants by < by such that
bo < Yi(z, f) < b1 for all i,Z,f. Then |Al(f)|§ b1 - bo and |Al(1) — AZ(O)|§ 2(b1 - bo)
Therefore, by the Bhatia—Davis inequality, a sharp bound for the variance SQA(I)_ A(0) is

SAm-a@ < [2(01 = bo) — (A(1) — A(0))] [A(1) = A(0) + 2(b1 — bo)]
— 4(by — bo)® — (A(1) — A(0))°



But from (7), we can write A(1) — A(0) = (xk — 1)A(0) = (k — 1)DE. Thus, the variance
bound is
Sam)_a@) < 4(br —bo)® — (s — 1)DE]*.

That yields a bound for the standard deviation

Sa@y-aw < \/4b —bo) — [(x — )DEJ < 2(b; — by),

as [(k — 1)DE]2 > 0. Therefore, we obtain that the empirical covariance Sre A(1)-a(0) 18
bounded by

[Sre,a)—a©) < 2(b1 — bo)Sre.

Thus, we can bound DE as follows,

Ey [f)E} — 2(by — bo)Sie p B2 [EE} +2(by — bg)Spe
< <
1+7¢(k—1) - - 1+7(k—1) ’

Ez[DE]

or, since Ez [lﬁadj} = T (D)’

estimator

we can write the bounds in terms of the bias-corrected

2(b1 - bO)Sﬂ—e

— 2(b1 — b Sﬂ-e =
B [DFus] - 1y < PE < Ba [Dhus] + {00

For example, for binary outcomes, by = 0,b; = 1, and we obtain

Ez [Z/)E} — 285, Ez [I/DE} + 2S5
< DE <L
=1 ~ " Timm_1

Where in practice it is possible to use the naive estimator DE instead of its expectation
in the bounds and construct confidence intervals for the partially identified parameter DFE
(e.g., as proposed by Imbens and Manski, 2004).

Unit-level proportionality assumption. Recall that in the main text we defined &
as the proportion between the sample average direct effects among exposed egos A(1) to
the effect among non-exposed egos A(0). By the design-based inference framework, this
proportionality is only a notation and holds by design. The bias-corrected estimator ﬁadj,
as defined in (8), is unbiased estimator of DFE only given additional conditions, as formally
expressed in Proposition 3. Here, replacing Assumption 4 with a different assumption
produce a modified bias-corrected estimator.

Specifically, assume that instead of constant x that link A;(1) and A,(0) on average over
the egos (A(1) = kA(0)), there is a constant x* that control the unit-level proportionality

Assumption A.1 (Unit-level proportionaliity). There ezist a constant K* such that A;(1) =
k*A;(0) for all i € Re.

That is, Assumption A.1 states that Y;(1,1) —Y;(0,1) = «* {¥;(1,0) — ¥;(0,0)} for all egos.
The interpretation of the additional sensitivity parameter s in Assumption A.l is related
to the interaction between treatment and exposure in the potential outcomes of the egos.
Under the saturated potential outcomes model

Yi(z, f) = Boi + Briz + Baif + Bz f,
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Assumption A.1l is equivalent to f3; = (k* — 1)B1;. That is, the interaction term fs; is
proportional to the direct effect term (3y; for all egos. Thus, while k in (7) expressed an
average-level relation, k* in Assumption A.1 posit unit-level proportionality. However, for
binary potential outcomes, Assumption A.1 implies only a specific set of possible values for
k*, and not any constant value, thereby restricting the valid values to specify for £* when
running the sensitivity analysis described below.

We can use a modified bias-corrected direct effect estimator

b5 — i 1 {Z;, =1}Y; _ {Z; =0}Y;
adj — Z 1 €( % .
n + (k¥ — 1) i 1—p2

€ ieRe

Since both x* and 7{ are fixed and therefore independent of Z, we can use (A.5), (A.6),
and (A.7) to obtain

£ [DE,,| = ;27; ey [ L) = Y00} (1 ) {(1L0) - Yi0,0))
01 1 ek 1Y v — 1Y v
- Ne ieZRe 1 4 71'1-6(:‘6* _ 1) [ 7 {}/1(170) }/;(070)} + (1 z) {5/1(1’0) }/1(050)}]
= 3 (1,0) - Yi(0,0)
€ icRe
=DE,

where in (i) we used Assumption A.1. Therefore, BEZdj is an unbiased estimator of DFE

under Assumptions 1-3 and Assumption A.l instead of assuming homogeneous exposure
probabilities or Assumption 4 in Proposition 3.
——x
The estimation of variance for DE,;4; can be performed similarly to the estimator de-

scribed in Section A.7 by replacing r{ with r{* = 7 — (1,-;*—1) [H{Z"p:zl}yi - H{Zli?z}n such
that DEZdj = n% ier, Ti - In addition, outcome-augmented estimation for DEZdj is also

similar to the methods described in Section A.8 for l/?Eadj.

Running the sensitivity analysis (GSA or PBA) with this modified estimator follows
the same logic described in Section 3.5, by replacing x with x*, albeit with a different
interpretation, of course.

In addition, Assumption A.1 can be relaxed by allowing conditional proportionality
given covariates X;. That is, replacing x* with ] = x*(X;) in Assumption A.1 enables
researchers to specify some structure on the proportionality instead of assuming the same
level of homogeneity for all units. For example, for a categorical covariate X;; € {1, 2,3},
researchers can specify x7 for X;; = 1 and set x;, = 7«7 for constant 74 for k = 2,3. This
relaxes the homogeneous proportionality by allowing each subgroup (determined by X;1)
to have different values. For instance, X;; can represent some proxy of risky behavior or
susceptibility to be influenced by peer advice, such as age group. In that case, researchers
can treat k] as the sensitivity parameters and either assume fixed values for 7 or instead
specify multiple values for 75, as well. That can be easily done in PBA, where researchers
only need to specify a distribution for these parameter values.

A.11 Estimating the sensitivity parameters with internal validation data

Alters. Assume we have an internal validation subsample of alters V, C R, that are
asked to recall information about the intervention. Assume that alters who recall such
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information have a true exposure F; = 1 as they were exposed to at least one treated ego.
This essentially assumes that the recall data in the validation subset perfectly equate the
true exposure status. This might not hold if recall is not perfect, but can be strengthened
through stringent selection criteria for the validation subsample (Chao et al., 2025). The
conditional probability of true exposure given observed non-exposure for alters Pr(F; =1 |
F;=0,i€ R,) is linked to the marginal exposure probability 7 through (A.2):

e =p,+(1—p,)Pr(F;=1|F;,=0,i € Ryg).

7

a

Assuming homogeneous exposure probabilities 7§ = 7%, we can estimate this conditional

probability in validation subsample through

Y I{R=1F =0}
ZiEVa Il {ﬁl = 0}

)

and use ¢* to estimate 7@

T = P+ (1 - pz)zja

Given 7%, we can estimate the latent ego-alter edges probabilities p® as well. By Example 1,
T =p.+ (1 —p:) [1 = (1 — p.p*)"e~!]. Substituting 7% with 7* and solving for p® yields

1

e

A similar derivation can yield an estimate of m®, the expected number of missing ego-alter
edges (Example 2). B

Under heterogeneous exposure probabilities, we can regress F; on F; = 0 and X; among
the validation subsample to learn Pr(F; = 1 | F; = 0,X;,7 € V,) and use the learned
model to predict the exposure probabilities for the other alters in the main study. In this
case, it is impossible to infer the edge probabilities pi; as m is a convolution of these
non-identical values. However, given the estimated 7' values, researchers can still use
the bias-adjusted indirect effect estimator (5). Accounting for uncertainty in estimating

a

7 in the final indirect effect estimates can be achieved using standard methods from the

measurement error literature (e.g., as described by Chao et al., 2025).

Egos. For egos, we separate between two types of internal validation data gathered on a
validation subsample V., C R, of egos

1. Asking egos to recall any information related to the intervention.

2. Asking egos if they heard or learned about the intervention from other friends or
sources.

The first type is similar to the validation data described for the alters. The second is more
directly related to indirect exposure to treatment through neighbors.

Treated egos (Z; = 1) in the validation subset V. of the first type should recall any infor-
mation related to the intervention, as they were randomized to participate in it. However,
non-treated egos (Z; = 0) would have learned about the intervention only through their
relations to other treated egos. Thus, any non-treated ego that recalled information about
the intervention in the validation subsample can be viewed as having been truly exposed to
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at least one treated ego, that is, F; = 1. By the experimental design (Assumption 1) and
the exposure mapping specification (Assumption 2), the treatment status Z; is independent
of the exposure F;. Therefore, 7§ = Pr(F; =1|i € R.) =Pr(F; =1 Z; = 0,i € Re).
Under homogeneous exposure probabilities 7§ = 7° we can estimate 7§ from the validation
subsample through

Zz‘eve I{F;,=1,Z; =0}
Eieve I {Zi = 0}

Similarly for the derivation given to the alters, we can use g° to estimate p° (in Example 1) or
m¢ (in Example 2). We can also estimate heterogeneous exposure probabilities by learning
Pr(F;,=11%2;=0,X;,i €V,).

In the second validation data type, we have access to the true exposure status F; of all
egos in the validation subsample. Thus, we can learn 7° or 7§ from the entire validation
subsample, instead of only non-treated egos, as described above. Moreover, s can also be
learned on this validation subsample, given that researchers are willing to assume that the
validation subsample is representative of the full sample and does not suffer from selec-

A

tion challenges. Recall that k = 0)° Therefore, an estimator of x from the validation

@ =DPr(F=1|Z=0,icV,) =

subsample is

Y (1,1) =Y "(0,1)
7])6 7Vﬁ )
Y "°(1,0) = Y "°(0,0)

Ve ieve HZi=2,Fi=f}Y; . . —
where ¥ (z,f) = %’f:;e ;(I T ZZ:ZZ’ Fl:f;} , is the average outcome in the validation subsample

K=

for egos with treatment z € {0, 1} and exposure f € {0,1}. Given the estimators of 7¢ and

—ad
k from the validation subset, we can either obtain point estimates of DFE using DE" or
have bounds for DF, as described in Appendix A.10.

B Extension to three-level exposure mapping

B.1 Preliminaries

We extend the framework to a three-level exposure mapping for alters, F; € {0, 1,24},
indicating exposure to zero, exactly one, or two-or-more treated neighbors, respectively. We
consider only the indirect effect estimand and estimators. We derive bias expressions for the
naive HT estimator and propose an adjusted estimator to correct for the bias. The adjusted
estimators rely on the same sensitivity parameter of alter—ego edges probabilities pj; (12)
defined in Section 3.4. However, we require an additional sensitivity parameter, similar
to the unit-level interaction parameter k* for the bias-corrected direct effect estimator
presented in Appendix A.10.

Let S; = > izi L 7 A;j be the true number of treated neighbors of unit 7 in the population
network A. For altersi € R,, we can write S; = ) | jeR. 2. i A;j. We first modify the exposure
mapping (Assumption 2).

Assumption B.1 (Three-Level Exposure Mapping). Let

0, Si=0
F(Z_,A)={1, S =1

For any z,2' € Zr, if zi = z, and F(z_;, A) = F(z' ;, A), then Y;(z) = Y;(Z').
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By Assumption B.1, we can write Y;(Z) = Y;(Z;, F;), where Z; € {0,1} and F; € {0,1,2+}.
Thus, each unit now has six potential outcomes, instead of four. The consistency assump-
tion (Assumption 3) is also modified.

Assumption B.2 (Consistency (Three-Level)). The observed outcomes are given by
Yi= > ) YieH{Zi=zF=f}.
z2€{0,1} f€{0,1,2+}
We focus on the estimand of the sample average indirect effect of exposure to a single versus
no treated neighbors (1)
B= 2 > ¥i(0,1) = Y(0,0)
- na . 7 9 7 9 .
ZER(Z
B.2 Bias of the naive estimator

The naive HT estimator IE remains as defined in (3), as the observed exposures F; are

zero or one. Its expectation is Ez [fE] = n% Zz’eRa (Eiq — Eip), where

{F, =1}Y;

Ei1 =Eg M
Dz

H{F; =01Y;

Eip=E 1 = 0}¥%
1_pz

The issue is that observed exposures E = 1 can correspond to true exposures of either
F; = 1 or F; = 2+, and observed exposures F; = 0 can correspond to true exposures of
F; =0, F; =1, or F; = 2+. Therefore, the observed outcomes Y; under observed exposures
F; are mixtures of potential outcomes under different true exposures Fj.

Define S; _c;) = ZjeRZ”) Z;A;; to be the number of treated neighbors of alter i other

than its own ego e(i). This represents the possible exposure from contamination between
the ego-networks.
To derive the bias, we first write F; o and Fj;; as functions of the potential outcomes

and the exposure probabilities, which in turn are used to obtain an expression for Ez [fE] .
Derivation of F; : If E =1, then Zeiy = L. The true number of treated neighbors is
Si =14 5; _¢;). Given that Z,; =1,

e The true exposure is F; = 1 if S; = 1, which implies S; _(;) = 0.

e The true exposure is F; = 2+ if S; > 2, which implies S; _.;) > 1.
By Assumptions B.1-B.2,

1 ~ ~
Biy = By [I{F =1, F = 1¥i(0,1) + I{F; = 1, Fy = 24)¥i(0,2+)]
z

1
= ;Ez [ Zeiy = 1, Si—e(iy = 0}Yi(0,1) + I{Zoiy = 1,85 _c(s) = 1}Y3(0,2+)]
=Pr(S; ety = 0)Yi(0,1) + Pr(S; —ciy = 1)Yi(0,2+).

The last step holds because S; _.(;) is independent of Z; under Assumption 1, and
Pr(Ziy = 1) = p..
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Derivation of E;y: If E =0, then Z,;) = 0. The true number of treated neighbors is
Sz' = Si,—e(i)' Given that Ze(z’) = O,

e The true exposure is F; = 0 if 5; = 0, which implies S; ;) = 0.
e The true exposure is F; = 1 if S; = 1, which implies S; _.;) = 1.
e The true exposure is F; = 2+ if S; > 2, which implies S; _.;) > 2.

Therefore,

1 ~
Eio=1——FEz| Y IFE=0F=/f}/f
s fe{0,1,2+4}

= Pr(S; —eiy = 0)Yi(0,0) + Pr(S; _es) = 1)Yi(0,1) + Pr(S; _eq;) = 2)Yi(0,2+).

Exposures probabilities. As in Section 3.4, the sensitivity model assumes conditional
edge independence, with pf; defined in (12). The random variable S; _;) follows a Poisson-

Binomial distribution with n. — 1 probabilities {pngj}je,’ze(i)- Let 77 = Pr(S; _eiy = k)-
The required probabilities are ‘

T o= Pr(S; _e) =0) = H (1 = p2pf;)
jGRz(i)

mi=PrS e == Y |ppfy [ (1-pep)
jere® 1eREN\(}
71';24_ = Pr(Si’_e(i) >2)=1-— ﬂ'ZO - WZI.
For large n., analytic computation of m; 1 can be challenging, but approximation methods
exist (Hong, 2013).

Bias expression. First, note that Pr(S; _.; > 1) = 1 = Pr(S; _¢;) = 0) = 1 — 77,
Substituting these probabilities into the expressions we obtained above for F; o and E; 1,
the expectations of the two components of the naive estimator are:

Ei1 =7 ¢Yi(0,1) + (1 — m;)Yi(0,2+)
Eio = m;oYi(0,0) + 771 Yi(0,1) + (1 — 7o — 77 1)"Y;(0,24)

The expectation of the naive estimator is:

Ez [ﬁ?} = 2z Z (Eiqx — Eip)

1€ER,
1
= [—750Y3(0,0) + (7} — ;1) Y3(0, 1) + 77, Y5(0,24)]
a 1€ERG
1
=I1E+ — Z (71 {Yi(0,24) = Yi(0,1)} — (1 — ) {¥3(0,1) — Y3(0,0)}] ,

(B.1)
which implies that the naive estimator is also biased for this indirect effect estimand. The
bias depends on the average of the unit-level indirect effect of 2+ exposures relative to 1
exposures and of 1 exposures relative to 0 exposures, weighted by the exposure probabilities

* * .
w1 and 1 — 77, respectively.
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B.3 Bias-corrected estimator

The resulting expected value (B.1) is a linear combination of the unknown potential out-
comes {Y;(0,0),Y;(0,1),Y;(0,24)}. The problem is that the observed data do not provide
enough information to identify all three potential outcomes for each alter ¢ € R,. To
achieve identification, we introduce an additional sensitivity parameter § via a unit-level
structural assumption on the potential outcomes, analogous to Assumption A.1 of unit-level
proportionality for the egos.

Assumption B.3. There exists a constant § such that Y;(0,24)—Y;(0,1) = § {Y¥;(0,1) — Y;(0,0)}
for all alters i € Ry.

The sensitivity parameter § in Assumption B.3 provides an intuitive way to model the dose-
response relationship of alter exposure. It is best interpreted through the marginal effect of
additional exposure. The effect of first exposure is Y;(0,1) — Y;(0,0). The additional effect
of the second-and-higher exposure is Y;(0,24) — ¥;(0,1). Assumption B.3 implies a direct
relationship. Researchers can therefore specify plausible values for § based on their domain
knowledge.

e ) = 0. The effect saturates after one exposure, and any further contamination is
irrelevant. This recovers the binary exposure model.

e ) > 0. There is a reinforcing cumulative dose effect, where a second exposure adds
benefit. For example, 6 = 1 implies the same marginal effect between first and second-
and-higher exposure. However, § € (0, 1) implies that the marginal effect between first
and zero exposure is higher than the marginal effect between second-or-higher and
first exposure.

e ) < 0. Additional exposures diminish the effect of the first. For example, exposure
to more than one treated neighbor may create confusion or mistrust, reducing the
benefit of exposure.

This framework allows researchers to conduct sensitivity analysis by specifying a plausible
range for the marginal effect of exposures, rather than the absolute value of Y;(0,2+) (e.g.,
by deriving sharp, yet informative, bounds). Rearranging the statement in Assumption B.3,
we have

Y;(0,24) = (8 + 1)Y;(0, 1) — 5Y;(0,0). (B.2)
Using (B.2), the expectation in (B.1) can be written as,
— 1
Bz |TB| = = 37 [rfo+m110] [¥:(0,1) = ¥i(0,0)], (B.3)
@ ieRq

which implies the bias-corrected estimator of indirect effect under the three-level exposures

— 1 1
IEadj = * *
Na iezR:a Tio+7i10

I{F; = 1}Y; I{F; =0}Y,
Pz 1—p,

(B.4)

Following the same strategy as in the proof of Proposition 2, and utilizing the derivations
above, it can be shown that the adjusted estimator I F,4; is unbiased for the indirect effect
estimand IF -

Ey {IEadj} _ IE.

Moreover, (B.3) implies that the naive estimator IE is unbiased if
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e 77y = 1. This corresponds to no contamination between ego-networks (no additional
treated neighbors beyond the ego). That is equivalent to pi; = 0 for all alter—ego
edges.

e For all i € R,, we have that § = ?10 =1+ ”* This implies that the marginal
effect of additional exposure is exactly offset by the contamination between ego-
networks.

B.4 Relation to the two-level exposure model

Note that if we set 6 = 0 in (B.2), then Yi(O 2+) = Y;(0,1), and the additional exposure
level 24 collapses into level 1. Recall that 7¢ = Pr(F; =1 |i € R,) is the probability that
alter i is exposed to at least one treated nelghbor under the two-level exposure mapping.
We can write

l—m!=Pr(F;=0|Zu =1€Ra)Pr(Zeiy =11 € Ra)
+Pr(F; =0] Z,;) =0 € Ro) Pr (e(i):o\zeRa)
= Pr(S; _ciy = 0)(1 — p2)
:WZO(I—pZ).

That is, w7y = 11 ; Substituting this into (B.4) with 6 = 0, we recover the bias-corrected
estimator for the two-level exposure mapping given in (5). Therefore, the two-level exposure
model can be viewed as a special case of the three-level exposure model with saturation of

effect after the first exposure.

B.5 Direction of bias, sign preservation, and effect magnitude

If Y;(0,1) — Y;(0,0) > 0O for all alters i € R,, then

Ey {@}EIEZO, 52max,-e7ga{l+ EING

0<Ey [IAE} < IE, 5E(maxi€7ga{1—
1

Ez{@}gogm, 5§miniena{1—7’;+}.

Similarly, if Y;(0,1) — ¥;(0,0) < 0 for all alters ¢ € R,, we obtain the opposite inequalities.
Therefore, given monotonicity (in either direction) of the potential outcomes Y;(0,1) and
Y;(0,0), the estimator IE is biased away, towards, or changes sign relative to the true
indirect effect I F, depending on the value of the sensitivity parameter §.

Similarly to the augmented bias-corrected estimator (Section 3.3), we can define an
augmented version of the three-level exposure bias-corrected estimator by adding outcome
models i (f) for f € {0,1}. Variance estimation can be achieved using the same approaches
described in Section A.7 for the bias-corrected indirect effect estimators under two-level
exposures.

B.6 Sensitivity analysis

The bias-corrected estimator (B.4) can be used in the same way as the bias-corrected
estimators under two-level exposure mapping described in Section 3.5. That is, based
on their domain knowledge, researchers can specify plausible ranges for the sensitivity
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parameters ¢ and the basic components that result in pi; and conduct GSA or PBA. The
main difference is the specification of the additional sensitivity parameter §, and a slightly
more complicated computation of the exposure probabilities 7} o and 7rZ 1- The latter can
be easily computed in R using the approximations developed by Hong (2013) for example,
as implemented in the poisbinom package.

C Probabilistic bias analysis

We provide a brief overview of the technical motivation behind PBA. For a more detailed
treatment, we refer the reader to Greenland (2005) and Fox et al. (2021).

Assume researchers observe data D and are interested in estimating a parameter 6 (e.g.,
a causal effect). They construct an estimator é\(D) based on the observed data, but know
that it is biased. Namely,

E [5(1))] £ 9.

Suppose there exists a vector of sensitivity or bias parameters p such that the researchers
can construct an adjusted estimator 0,q;(D, p) that is an unbiased estimator of 6 given the
true value of p:

E [aadj(D,p) \ p} = 0.

However, the true values of p are typically unknown and not identifiable from the data.
Standard GSA compares estimates of gadj(D, p) (and possibly associated uncertainty quan-
tification) across a fixed grid of p values, treating each point in the grid as if it were the
truth. In contrast, PBA treats p as a random variable governed by a probability distribution
p(p). This distribution reflects the researcher’s prior knowledge or uncertainty regarding
the true values and structure of the bias.

The goal of PBA is to estimate the “posterior” distribution of the parameter of interest
0, accounting for both the uncertainty in p and the sampling variability of the estimator.
This distribution can be approximated via Monte Carlo simulation (Greenland, 2005). First,
we draw M samples p(I), ..., p(M) from the prior p(p). For each draw p(™), we calculate
the adjusted point estimate Qad]( ,p™) and its associated variance estimate, denoted
V(D, p(m)). To fully propagate the statistical uncertainty, we simulate a value (™) from
the estimator’s approximate sampling distribution, typically assumed to be normal:

g(m) NN(ead](D P, V(D, pim ))>.

The resulting values 0, ... 6 approximate the marginal “posterior” distribution of
the parameter of interest 8, accounting for both the uncertainty regarding the sensitivity
parameters and the statistical uncertainty arising from the data. This distribution can be
summarized through standard summary statistics (e.g., the mean and percentiles).

In our context, the only randomness in the data is due to the randomization Z. Thus,
) corresponds to the naive estimators IE or DE. The sensitivity p consists of the edge
probabilities pm or p” and the interaction parameter x. The adjusted estimators Hadj

correspond to IE Eqq or DEad] This formulation yields the PBA procedure described in
Section 3.5.
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D Simulations

Code for replicating the simulation study and data analysis is available at https://github.
com/barwein/ENRT_SA.
We generated three covariates for each unit.

X1 ~ Bernoulli(py),
X2 ~ Bernoulli(ps),
Xi3 ~ Normal(0, 1),

where p; = 0.6, ps = 0.2 for egos and p; = 0.5, po = 0.3 for alters. The covariates coefficients
in the potential outcome models were set to 3, = (—0.5,—0.3,0.2) for egos and 3, =
(—0.4,—-0.2,0.1) for alters. Heterogeneous edge probabilities were generated with weights
computed using the Euclidean distance ||-||2 between the covariates of units.

Tables D.1 and D.2 report the simulation results for the indirect and direct effects, re-
spectively, with homogeneous exposure probabilities and augmented estimators. All results
are qualitatively similar to those presented in the main text.

Table D.3 shows the results of the direct effect estimators under heterogeneous exposure
probabilities (with m,. = 150) under misspecification of x values. That is, the true value is
k = 1.5 while we tested how using x = 0.5 and x = 1.1 impacts the estimates. The/t\ag)&s

shows that using x = 0.5 severely affects the bias-corrected estimators ﬁadj and DE 4

"

by increasing the bias and reducing the coverage compared to the naive HT estimator DFE.
That is the case since using £ < 1 when the true value is larger than one, changes the
direction of the bias correction in the weights used in (8), resulting in inferior performance
to the naive estimator. However, using a misspecified value closer to the true value x = 1.1
(which is still in the same direction x > 1 as the true value), negatively impacts the bias
and coverage of the bias-corrected estimators, but still results in better performance than
the naive estimator.

Table D.4 shows the results of the direct effect estimators under heterogeneous exposure
probabilities (with m,. = 150) with violation of Assumption 4. The violation was simulated
by modifying the data-generating process of the potential outcomes. Specifically, we have
added a heterogeneous interaction term such that the potential outcomes for egos i € R,
are now generated from

Yi(z,f) = =05+ 224+ 0.5f 4+ 2f + BazfXi1 + X1 B, + ;.

Taking 84 = 0 yields the original data-generating process used in the other setups. However,
taking B4 # 0 results in heterogeneous treatment and exposure interactions, leading to
violation of Assumption 4. Table D.4 shows the results with 54 = 0.5 and 4 = 1.1, while
using the true x value in the bias-corrected estimators. Larger 54 leads to stronger violation
of Assumption 4. The table shows that the violation of Assumption 4 only slightly affects
the bias-corrected estimators regardless of their specification and (B4 values. Specifically,
the bias was minimal, but the augmented estimators tend to underestimate the variance
(SD/SE > 1).

Finally, Tables D.5 and D.6 show the results for the indirect and direct effects, re-
spectively, with binary potential outcomes under homogeneous or heterogeneous exposure
probabilities with m, = 100 and m, = 150. The binary potential outcomes were sampled
from a logistic model with

logit Pr(Y;(z, f) = 1) = =0.54+ 224+ 0.5f + 2f + X1 B,, fori € R,
logit Pr(Y;(0,f) = 1) = =0.5+2f + X1 3,, for i € Ra,

52


https://github.com/barwein/ENRT_SA
https://github.com/barwein/ENRT_SA

using the same values for 3, and 3, as described above. We targeted the DE and IE on
the difference scale, but the outcome-augmented estimators used the predicted probabilities
from a logistic regression model. The results are qualitatively similar to those with contin-
uous potential outcomes, showing that the bias-corrected estimators performed better than
the naive estimators.

Table D.1: Simulation results for indirect effect with homogeneous exposure probabilities. True
effect is TE = 2.

Scenario Specification ~ Augmented  Bias  Coverage SD/SE
FALSE 0.000 0.963 0.941

Heterogeneous " ppup 0001 0.954 0.986

FALSE  -0.001  0.962 0.942

me — 100 lomogeneous TRUE -0.002 0.954 0.986
FALSE  -0.236  0.506 0.942

Naive TRUE  -0.237  0.400 0.986

FALSE 0.008 0.972 0.881
Heterogeneous TRUE 0.006 0.954 0.962

FALSE 0.003 0.973 0.882

me —o0p Homogeneous TRUE 0.001 0.956 0.959
FALSE -0.440 0.063 0.882

Naive TRUE  -0.442  0.020 0.959

Table D.2: Simulation results for direct effect with homogeneous exposure probabilities. True
effect is DE = 2.

Scenario Specification =~ Augmented  Bias = Coverage SD/SE
FALSE 0.012 0.984 0.798
Heterogeneous ™ “pRryg 0.008  0.956 0.961
FALSE 0.000 0.982 0.810

me =150,k = 1.5 omogeneous TRUE  -0.003  0.955 0.969
FALSE 0529  0.247 1.079

Naive TRUE 0525  0.132 1.052

FALSE  0.026  0.999 0.583

Heterogeneous " ppyg 0.023  0.980 0.827

FALSE  0.007  0.999 0.600

me =250,k = 1,5 lomogeneous TRUE 0.004  0.978 0.843
FALSE  0.724  0.076 1.070

Naive TRUE 0720  0.012 1.031
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Table D.3: Simulation results for direct effect with heterogeneous exposure probabilities and
misspecified x values. True effect is DE = 2, true k = 1.5, and m, = 150.

Scenario Specification ~ Augmented Bias Coverage SD/SE
FALSE  1.385  0.008 0.755

Heterogeneous " pirp 1.376  0.000 0.951

FALSE 1417  0.006 0.772

Using x — 0.5 11omogeneous TRUE 1.408  0.000 0.959
FALSE 0514  0.279 1.068

Naive TRUE 0508  0.175 1.045

FALSE 0392  0.716 0.791

Heterogeneous ™oy 0385 0430 0.952

FALSE 0388  0.697 0.813

Using k= 1.1 1lomogeneous TRUE  0.382  0.429 0.960
FALSE 0514  0.279 1.068

Naive

TRUE 0.508 0.175 1.045

Table D.4: Simulation results for direct effect with heterogeneous exposure probabilities and
violation of Assumption 4. True effect is DE = 2 and m, = 150. The value 4 controls the
magnitude of violation, where larger values correspond to larger violations. Values of k depend
on 4 and are computed from the potential outcomes.

Scenario Specification ~ Augmented  Bias  Coverage SD/SE
FALSE  0.003  0.984 0.792
Heterogeneous “rpim 9002 0.955 0.969
FALSE  -0.010  0.981 0.815
Bi—05and k= 1.68 llomogeneous TRUE  -0.016  0.952 0.977
FALSE  0.681  0.122 1.094
Naive TRUE 0.673  0.049 1.063
FALSE  0.009  0.980 0.814
Heterogeneous " 1p 7 0.003  0.950 0.993
FALSE  -0.010  0.976 0.840
Bi=15and k=197 lomogeneous TRUE  -0.015  0.949 1.000
FALSE 1013  0.020 1.134
Naive

TRUE 1.004 0.005 1.087

54



Table D.5: Simulation results for indirect effect with binary potential outcomes under homo-
geneous or heterogeneous exposure probabilities with m, = 100. Augmented estimators used
a logistic regression model for the augmentation. True effect is IE = 0.4775.

Scenario Specification ~ Augmented  Bias  Coverage SD/SE
FALSE 0.001 0.968 0.913

Heterogeneous 7y 0.001  0.984 0.789
FALSE  0.001  0.967 0.913
Heterogeneous ~ 11008eNeOUs TRUE 0.001 0.985 0.788
FALSE  -0.055  0.928 0.913
Naive TRUE  -0.055  0.834 0.788
FALSE  -0.003  0.968 0.912
Heterogeneous "o 9003 0987 0.786
FALSE  -0.003  0.967 0.912
Homogeneous ~ 1100Beneous TRUE  -0.003  0.986 0.785
FALSE  -0.059  0.920 0.912
Naive

TRUE -0.059 0.804 0.785

Table D.6: Simulation results for direct effect with binary potential outcomes under homoge-
neous or heterogeneous exposure probabilities with m, = 150. Augmented estimators used a
logistic regression model for the augmentation. True effect is DE = 0.52 and s = 0.932.

Scenario Specification ~ Augmented  Bias  Coverage SD/SE
FALSE  -0.005  0.994 0.674
Heterogeneous ™ “ppim 0006 0982  0.812
FALSE  -0.004  0.993 0.692
Heterogencous ~ 11008ENe0US TRUE  -0.005  0.981 0.818
FALSE  -0.023  0.954 0.939
Naive TRUE  -0.024  0.963 0.886
FALSE  -0.012  0.996 0.675
Heterogeneous “ppop 012 0987 0.772
FALSE  -0.011  0.994 0.689
Homogeneous  11008eneous TRUE  -0.012  0.986 0.778
FALSE  -0.029  0.953 0.934
Naive TRUE  -0.030  0.964 0.845

E Data analysis

Figure E.1 shows the distribution of the number of alters per ego-network in the data. The
average and median number is 2, the range is from 1 to 6.
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Figure E.1: Distribution of number of alters per ego-network.

Figure E.2 complements Figure 3 and shows the the GSA results (Section 5.1) for the
direct effect using the augmented estimators given that k = 1.5. We also included the results
using v¢ = 2, representing a stronger influence of covariates’ similarity on the exposure
probabilities 7{. This presentation, similar to that of the indirect effect, enables us to see
how changing the expected number of missing ego—ego edges (m€) impacts the estimated
direct effect. Clearly, for all specifications, the estimated effects were almost identical and
approached zero as the contamination level increased Furthermore, Figure E.3 shows the
results of GSA with the non-augmented estimators DF,g4;, also including v* = 2. The
figure shows that under all three specifications, the bias-corrected estimates are similar.
Figure E.4 complements Figure E.2 by showing the bias-corrected estimates with the non-
augmented estimators for k = 1.5. This figure highlights the similarity of the results across
the different edge probability specifications. Finally, Figure E.5 shows the augmented bias-
corrected DE estimates as a function of x given the value m® = 33.4 estimated from the
internal validation data, showing that increasing x yields bias-corrected estimates closer to
Z€ro.

Figure E.6 shows the results of the GSA for indirect effect using the non-augmented
estimators I E,4;. The structure is similar to that of the non-augmented estimator presented
in the main text (Figure 2). However, the augmented estimator had values closer to zero for
all levels of contamination (including no contamination) and edge probability specifications.
Taking v¢ = 2 results in higher variance estimates for large levels of missing alter—ego edges
(m® > 250).

Figures E.7 and E.8 show the results of the PBA for indirect and direct effect using
the non-augmented estimators IE Eqq4 and DEad] The results are similar to those of the
non-augmented estimators presented in the main text (Figure 4).

Direct Effect; kappa = 1.5
Naive Estimate [95% CI]: -0.116 [-0.286, 0.053]

Estimated DE

0 50 100 150
m® (Expected number of missing ego-ego edges)

SAModel: === Heterogeneous (gamma=1) s —

Figure E.2: GSA for direct effect with k = 1.5 using the augmented estimators B\EZZ;]. The
dashed vertical line at 33.4 is the estimate of m® from the internal validation data.
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Direct Effect
Naive Estimate [95% Cl]: -0.147 [-0.324, 0.031]

Heterogeneous (gamma=1) Heterogeneous (gamma=2) Homogeneous

2.004

1.75+

1.501

k Parameter

1.254

1.004

25 50 75 100 125 150 25 50 75 100 125 150 25 50 75 100 125 150
m® (Expected number of missing ego-ego edges)

(-0.150, -0.145] [ (-0.135,-0.130] [l (-0.120,-0.115] [l (-0.105,-0.100] [l (-0.090, -0.085]
Estimated DE (-0.145,-0.140] [ (-0.130, -0.125] [l (-0.115,-0.110] Ml (-0.100,-0.095]
(-0.140, -0.135] [ (-0.125,-0.120] [l (-0.110,-0.105] [l (-0.095,-0.090]

Figure E.3: GSA for direct effect with non-augmented estimators D\Eadj. The dashed vertical
line at 33.4 is the estimate of m® from the internal validation data.

Direct Effect; kappa = 1.5
Naive Estimate [95% Cl): 0.147 [-0.324, 0.031]

Estimated DE

50 100 150
m® (Expected number of missing ego-ego edges)

SAModel: === Heterogeneous (gamma=1) s | —

Figure E.4: GSA for direct effect with x = 1.5. Not-augmented estimator. The dashed vertical
line at 33.4 is the estimate of m® from the internal validation data.

Direct Effect; m® = 35
Naive Estimate [95% CI]: -0.116 [-0.286, 0.053]

Estimated DE

1.00 1.25 1.50 1.75 2.00
K

SAModel: === Heterogeneous (gamma=1) s —

Figure E.5: GSA for direct effect with augmented estimators using m® = 35 to approximate the

bias-corrected estimates obtained using the the estimated value m¢ = 33.4 from the internal
validation data.
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Indirect Effect
Naive Estimate [95% CI]: -0.137 [-0.283, 0.009]
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m? (Expected number of missing alter-ego edges)

Estimated IE
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@

SAModel: === Homogeneous === Heterogeneous (gamma=1) === Heterogeneous (gamma=2)

Figure E.6: GSA for indirect effect with non-augmented estimators I/E‘adj. The dashed vertical
line at 105.5 is the estimate of m® from the internal validation data.
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Figure E.7: PBA for indirect effect with non-augmented estimators I/Eadj. Results are shown
as mean (95% intervals) of bias-corrected estimates across B = 10* Monte Carlo samples. The
results account for both bias and statistical uncertainty.

Direct Effect

0.1

SR

-0.4

Estimated DE

-0.5

Naive Uniform Poisson + Uniform NB + Lo'gnormal
Model A Heterogeneous ® Homogeneous
Figure E.8: Probabilistic bias analysis for direct effect with non-augmented estimators DFE ;.

Results are shown as mean (95% intervals) of bias-corrected estimates across B = 10* Monte
Carlo samples. The results account for both bias and statistical uncertainty.

F Results of the example analysis code

Analysis code applied to a simulated dataset similar to the design of HPTN 037 can be found
athttps://github.com/barwein/ENRT_SA. To replicate it, run the script ENRT_example_code.R.

We provide here the results from running the code, in the order of their appearance in the
script.
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Sensitivity of Indirect Effect (Risk Difference)
Nalve Estimate [95% CI]: 0.357 [0.255, 0.460]. Dashed line at 0 indicates no indirect effect.

Estimated IE (RD)
| o

« Parameter (m or p)

Specification -+ Hetera -+~ Homo

Figure F.1: Results for I E estimand with GSA in the ENRT example code.

Sensitivity of Direct Effect (Risk Difference)
Naive Estimate [95% Cl]: 0.546 [0.407, 0.686]
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Estimated DE (RD) (034,0.36] [ (0.40,0.42] [l (0.46, 0.481 Ml (052, 0.54]
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Figure F.2: Results for DE estimand with GSA in the ENRT example code.
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Figure F.3: Results for I F estimand with PBA in the ENRT example code.
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Figure F.4: Results for DE estimand with PBA in the ENRT example code.
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